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\We had the sky, up there, all spekled with stars, and we
used to lay on our baks and look up at them, and disuss
whether they was made, or only just happened..."
Mark Twain, \Hukleberry Finn"
Prefae
I started working on the subjet of this PhD thesis in the spring of 1992. At that
time, I was studying for my nals at the University of Torino. The nal examina-
tion of the Physis ourse represents a \symmetry breaking" in the aademi life
of a student. Indeed, the andidate must hoose a well-dened area of researh
where probably to spend a great deal of his aademi areer. I hose to work
on quantum gravity. The title of my thesis was \Anisotropi Eletromagneti
Wormholes". Prof. Vittorio de Alfaro played a very important role in this hoie.
When I was aepted at SISSA in the astrophysis group, I planned to ontinue
my work in quantum gravity, depending on the interests of the SISSA sta. My
tutor and supervisor at SISSA, Prof. Dennis William Siama, agreed to that. Of
ourse I was aware that I belonged to the astrophysis group. Hene, I deided to
work on what Isham all the \phenomenologial theory of quantum gravity". It
is well-known that the energy sale of the ultimate theory of quantum gravity is
10
19
GeV. This energy sale is so far beyond the range of any experiment based on
human devies that perhaps there is no need for a quantum theory of gravity at all.
No experimental tests an be planned in order to obtain hints for the quantisation
of the gravitational eld. However, two kind of \astrophysis systems" may
provide important interesting areas for the study of quantum gravity: blak holes
and the post big-bang era of the universe. If the situation onerning experimental
preditions from quantum gravity is not ompletely hopeless, it is there that we
should look for suggestions about the ultimate theory of everything.
Hene, I deided to investigate the early universe and quantum blak holes
from the point of view of anonial quantum gravity, as the physiists of the
beginning of the 20th entury investigated the hydrogen atom during the rst
stages of the development of quantum mehanis. Indeed, we an onsider the
Friedmann-Robertson-Walker homogeneous isotropi universe, or the spherially
symmetri Shwarzshild blak hole, as the analogue in quantum gravity of the
hydrogen atom in quantum mehanis. So in this thesis I shall not deal with
the ultimate theory of quantum gravity, superstrings, or topologial gravity, or
something else. I shall disuss quantum gravity from a phenomenologial level.
For instane, I shall investigate the quantum theory relevant to the initial stages
of the universe when an underlying eld struture (superstrings, or any sort
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of quantum eld treatment) is not yet predominant. Even though the sien-
ti literature had plenty of artiles dealing with quantum osmologial models
and quantum blak holes when I started out my researh, many problems were
unsolved or not fully disussed. In this thesis I omplete the exat quantisa-
tion for all models onsidered, essentially the Friedmann-Robertson-Walker, de
Sitter, and Kantowski-Sahs Universes lled with several kinds of matter, the
Shwarzshild and Reissner-Nordstrom blak holes, and wormholes generated by
the eletromagneti eld. This programme is performed in the usual Einstein
gravity framework, as well in the string framework. For these models I am able
to solve all oneptual problems onneted to the searh for a oherent theory of
quantum gravity (probability, unitarity, interpretation, problem of time...) and
omplete the quantisation proedure. This provides a solid bakground that an
be used for further investigations and represents the main result of this thesis.
For instane, if the anisotropies in the mirowave bakground radiation originate
from quantum utuations of the wave funtion of the universe, as Halliwell and
Hawking have suggested, only the omplete quantisation of the Robertson-Walker
universe, together with the denition of the Hilbert spae of states, of the ob-
servables, of the operator ordering, of the time evolution, and of the equivalene
between dierent gauges an allow a meaningful disussion of this laim.
The outline of the thesis is the following. In the next two hapters I shall
present briey the historial bakground from whih my researh developed, its
motivations, and the mathematial tehniques that I used. The rst hapter is
an overview of the dierent approahes to quantum gravity. The seond hapter
deals with the theory and the mathematis of onstrained gauge systems with a
nite number of degrees of freedom; in partiular attention is foused on anoni-
al quantum gravity and minisuperspae models, i.e. gravitational systems with
a nite number of degrees of freedom. I shall illustrate the importane that
minisuperspae models have as simplied models in the ontext of the attempts
to onstrut a mathematially oherent, self-onsistent quantum theory of the
gravitational eld, as well as their importane as models desribing intriguing
physial proesses (wormholes, birth of the universe, blak holes...) at (Plank)
energy sales, where the lassial theory breaks down. In this framework the
major part of my researh has been developed. Of ourse, the ontent of these
hapters is quite general and not exhaustive. The only aim is to give the reader a
disursive overview of the argument and the minimum bakground to understand
the following material. Throughout, referenes to more omplete and tehnial
reviews are given.
The following hapters ontain the original part of my work. Chapt. 3 is
devoted to minisuperspae models in Eulidean Gravity, i.e. wormholes. In order
to illustrate wormholes, I present and disuss in depth the solutions generated
by the oupling of gravity to the eletromagneti eld for Kantowski-Sahs and
Bianhi I models. In hapt. 4 I deal with osmologial minisuperspae models
disussed and analysed in my researh artiles. In partiular I fous attention on
the Friedmann-Robertson-Walker universe lled with radiation and matter elds
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and quantum string osmology. In hapt. 5 I disuss the Hamiltonian formalism
for Shwarzshild and Reissner-Nordstrom blak holes and their quantisation.
For all these models I omplete the quantisation along the lines disussed
in hapt. 2. This is performed both by the redued and Dira methods and I
prove that the two quantisation proedures lead to idential results. I obtain the
Hilbert spae of states for these models, the prerequisite for solving some of the
deepest issues in quantum gravity, for instane the entropy of blak holes and the
evolution of the pre-inationary universe. As stressed above these models an
be interpreted as useful redued models for understanding oneptual issues, for
instane the problem of time or the equivalene between dierent gauges, as well
as self-onsistent models representing physial proesses at small sales due to
the quantum nature of the gravitational eld. In the last hapter I present my
onlusion.
I would like to onlude this short introdution with the aknowledgements
to all my olleagues and friends who assisted me during these years. First of all
I would like to mention Vittorio de Alfaro. During these years he has beome
a good friend of mine and has given me an important and indispensable human
and sienti support in a diÆult and ompliated eld like quantum gravity; I
know that without him my work would not have been possible. I dediate this
thesis to him. I am indebted to my tutor and supervisor Dennis Siama. He
agreed that I ontinued my ativity in quantum gravity at SISSA, even though
this argument was a little outside the ustomary researh in the astrophysis
group. His suggestions and support allowed me to spend three wonderful years
at SISSA. I would like to thank my olleagues who have ollaborated with me
during my researh: Sasha Filippov, who taught me the tehniques of onstrained
systems, a fundamental step in my researh; Fernando de Felie, who taught me
General Relativity and made important ontributions to my publiations; Mari-
ano Cadoni, who taught me string theory and allowed me to generalise my results
to this theory. I am glad to thank all my olleagues who helped me and gave
me hints, even though we did not publish, in partiular Orfeu Bertolami for
valuable disussions when he was in Torino; all researhers and students of the
astrophysis group at SISSA; the members of the organising ommittee of the
two meetings on quantum gravity that I helped to organise; the hairmen of the
XI Italian Meeting of General Relativity and Gravitational Theory, and in par-
tiular Mauro Carfora and Pietro Fre, who gave me the opportunity of being the
editor of the proeedings. I thank Vittorio de Alfaro, Dennis Siama, Jeanette
Nelson, Hugo Morales-Teotl, and Mauro Carfora for important suggestions and
ritiisms about the ontents of this thesis and Marisa Seren who drew the il-
lustrations. Finally, I express my gratitude to my parents and to Marisa, who
always assisted me in hard times, and to all my olleagues and friends who have
taught me something or, simply, made my life pleasant.
Maro Cavaglia
Trieste, August 16th, 1996.
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1Quantum Gravity:
an Overview
In this hapter I shall give a short overview of the present status of researh
in quantum gravity. In the rst setion I shall illustrate why both elementary
partile physiists and general relativists are interested in the quantisation of
the gravitational eld. In the following setion I shall briey disuss the four
presently most popular approahes used to build a oherent theory of quantum
gravity and what a future theory of quantum gravity might look like. Finally, in
the last setion a brief history of the researh in the subjet is skethed.
The ontent of the urrent hapter is nor a omplete nor an exhaustive review
of the present researh in quantum gravity. For a full disussion of the subjet
the reader is referred to the exellent reent reviews of Isham (1992, 1993a, 1995),
Kuhar (1992, 1993), Alvarez (1989) and Ashtekar (1991). Other exellent in-
trodutions to the argument an also be found in Esposito (1992), Williams and
Tukey (1992), and Ambjorn (1994).
1.1 Why Quantise Gravity?.
A great number of elementary partile physiists, eld theory physiists, and
general relativists are urrently involved in the searh for a quantum theory of
the gravitational eld. What are their motivations?
It is well-known that no physial tests nor observations are presently suggest-
ing that the gravitational eld must be quantised. The reason for the lak of
experimental data is due to the energy sale at whih quantum eets of gravity
beome non-negligible (around 10
19
GeV). This value is far beyond any possi-
bility of laboratory tests (see for instane Misner, Thorne, and Wheeler, 1973):
presently there are no laboratory-based experiments whose data ould be inequiv-
oally interpreted as due to quantum eets of the gravitational eld. However,
even though the situation onerning experimental preditions from quantum
gravity seems today to be ompletely hopeless, there are physial \observable"
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systems for whih the lassial Einstein theory appears learly to be inomplete.
The birth of the universe and the blak hole evolution are the most remarkable ex-
amples. They may provide potential \non laboratory-based experiments" whose
eets an be ompared, at least in priniple, to the preditions of a quantum
theory of the gravitational eld. The investigation of these systems allows to
disuss quantum gravity from a \phenomenologial level" (Isham, 1995). In this
framework we an try and solve some of the oneptual problems onneted to
the formulation of a oherent theory of the quantum gravitational eld as well as
investigate possible quantum eets for suitable gravitational entities. In order to
disuss the motivations for studying a quantum theory of gravity, a good starting
point is thus to look for the physis at the boundary of the theory of general
relativity, namely singularities, birth of the universe, and blak hole evolution.
a) Singularities.
The most important disease of the Einstein theory of gravitation seems to be
the presene of singularities. It is well-known that already one of the simplest
exat solutions of the Einstein theory, the spherially symmetri vauum solu-
tion, is aeted by the presene of a singularity. Is this singularity due to the
lassial nature of general relativity? Let us disuss this point drawing the anal-
ogy between the Shwarzshild blak hole and the hydrogen atom. In a range
of energy appropriate, both of them an be seen as \fundamental" entities. In
lassial mehanis the eletromagneti potential generated by a single harge at
rest with respet to a given referene frame with spherial oordinates (r; ; ')
has the spherially symmetri form
V (r) =
q
r
; (1:1:1)
where q is the harge. Obviously the potential is singular at r = 0. As a on-
sequene, the solutions of the equations of motion are singular at r = 0. In
quantum mehanis the piture hanges ompletely beause the quantum theory
\smears" the singularity at r = 0. Thus the s-wave of a eletron in a hydrogen
atom is well-behaved at r = 0. The analogy to the Shwarzshild blak hole is
straightforward. We will see in hapt. 5 that the quantum anonial treatment
of the Shwarzshild blak hole removes the singularity of lassial solutions; ma-
trix elements desribing quantum blak holes are well-behaved also at the points
where lassial solutions are singular.
b) Birth of the Universe.
A similar analogy an be drawn for osmologial solutions. Sine the universe is
on large sales homogeneous and isotropi, and its deviations from homogeneity
and isotropy are believed to have grown during its termal evolution, it an be
desribed with good approximation by a model with a nite small number of
gravitational and matter degrees of freedom, at least during its initial stages
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(Misner, 1969, 1972). Hene, if we assume that the Friedmann-Robertson-Walker
metri gives an appropriate desription of the primordial universe, we meet in
osmology the same problem just found for the Shwarzshild blak hole: the
presene of a singularity. This signals that the birth of the universe must be
investigated in the framework of a quantum theory of gravity. Finally, why the
spaetime is four-dimensional and what is the origin of the inationary era, are
questions stritly related to the birth of the universe that perhaps will be solved
only in the framework of a self-onsistent and well-dened theory of quantum
gravity.
) Blak Holes Evolution.
The nal state of blak holes is another important physial system in whih the
eets of a quantum theory of gravity may be relevant. The thermal radiation
of blak holes is one of the most striking disoveries in gravitation in the last
twenty years (Hawking, 1974, 1975 { see later). Classially a blak hole is stable
and does not radiate. The situation hanges radially when the interation with
a matter eld is taken into aount: blak holes radiate. This phenomenon an
be imagined as the prodution of partile-antipartile pairs by the gravitational
eld near the horizon via the polarisation of the vauum. This proess seems
to last up to the omplete evaporation of the blak hole and raises interesting
questions related to the non-unitarity of the proess, to the loss of oherene (see
for instane Hawking, 1987; Coleman, 1988a), and to blak hole remnants. The
end of the blak hole evolution remains an unsolved puzzle whose solution an be
found only going beyond the lassial treatment of the gravitational eld (see the
disussion in hapt. 5). The main onlusion following from the Hawking result
is that the gravitational eld must be onneted to thermodynamial quantities,
as the entropy, the link being possibly given by the quantum theory of gravity.
Isham denes the motivations presented above \motivations from the perspe-
tive of a general relativist" (Isham, 1995) sine the existene of singularities, the
birth of the universe, the end state of a gravitationally ollapsing matter are typ-
ial unsolved puzzles in the framework of Einstein gravity. The formulation of a
self-onsistent theory able to explain these points is the main goal of researhers
in quantum gravity with a \lassial" bakground oming from general relativity.
There are of ourse dierent motivations for studying quantum gravity, om-
ing from a dierent \lassial" bakground. Isham all them \motivations from
the perspetive of an elementary partile physiist". From the point of view of
elementary partile physis and quantum eld theory the main reasons to formu-
late a quantum theory of gravity are essentially two: the non-renormalisability
of the Einstein theory and the desire for the uniation of all the fundamental
fores.
d) Non-renormalisability of Einstein Gravity.
The non-renormalisability of the perturbative theory derived from Einstein gen-
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eral relativity (see Goro and Sagnotti, 1985; 1986) strongly motivates dierent
approahes to a quantum theory of the gravitational eld. Indeed, even though
quantum gravity is negligible at the energy sales of partile physis, the non-
renormalisability of the perturbative theory prevents the alulation of possible
quantum orretions (Isham, 1993b). Further, a theory in whih the gravitational
eld is not quantised annot be obviously physially self-onsistent sine elemen-
tary partiles interat with the gravitational eld and their nature is quantised.
e) Theory of Everything.
The main goal of a great number of theorists is the uniation of all funda-
mental fores in a unique theory, the \theory of everything" (see for instane
Albreht, 1994). The history of the modern physis is traed by attempts, some-
time suessful, towards the ompletion of this programme. Presently, the weak
and eletromagneti fores have been unied in a unique theory, the Glashow-
Weinberg-Salam eletroweak model, and there are strong hints that favour a
great uniation with the strong nulear fore, to be expeted around 10
16
GeV,
where the running oupling onstants of the eletroweak and strong elds seem
to oinide.
1
It is then natural to onjeture that the ultimate theory of quantum
gravity must inlude all fundamental fores in a unique framework. This idea an
be arried out starting from two omplementary points of view (Isham, 1995):
i) general relativity is an unavoidable ingredient of a self-onsistent, mathemat-
ially oherent theory of everything;
ii) the ultimate theory of quantum gravity will inlude by itself the other funda-
mental fores.
Obviously, these two points of view ome from dierent approahes to the quan-
tum gravity theory: the rst one is preferred from people who start from the
lassial theory of Einstein and then apply to it some quantisation algorithm; the
seond one is preferred by people who try to build quantum gravity starting ab
initio with a new theory.
These are the main motivations for studying quantum gravity. Let us see now
what are the most promising anditates in building the ultimate theory of the
quantum gravitational eld.
1.2 Candidates for Quantum Gravity Theories.
Let us disuss briey the urrent researh programmes in quantum gravity. The
andidates for the ultimate theory of the gravitational eld an be roughly divided
in two main alternative ategories:
1
Supersymmetry favours it (see for instane Ellis, 1986).
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i) theories in whih a given quantisation proedure is applied to the lassial
theory of gravitation (Einstein general relativity or slight modiation of it);
ii) theories whih start ab initio with a new quantum theory; lassial gravity is
reovered through a low-energy limit or a semilassial redution.
Canonial quantisation of gravity (see Isham, 1992), Eulidean quantum grav-
ity (see Esposito, 1992), the Ashtekar non-perturbative programme (Ashtekar,
1991) belong to the rst lass; supergravity (see van Nieuwenhuizen, 1981), su-
perstrings (Green and Shwarz, 1984), topologial quantum gravity (Crane, 1993,
1995; Atiyah, 1995), non-ommutative geometry (Connes, 1994, 1995), simpliial
quantum gravity (Williams and Tukey, 1992; Williams, 1995), dynamial trian-
gulations (Ambjorn et al., 1995) belong to the seond one.
Following Isham (1995) the subdivision in dierent ategories may be made
more preise. We have four distintive approahes:
a) theories in whih people try to quantise general relativity by quantising the
metri tensor g

dened on a four-dimensional Riemannian or hyperboli
manifold (spaetime approah): Eulidean quantum gravity, path-integral ap-
proahes;
b) theories in whih the operator elds are dened on a three-surfae and the
anonial analysis is applied: anonial quantum gravity, Ashtekar formalism.
The two ategories above are alled by Isham \quantise general relativity".
This is the point of view that I will adopt in the original part of the thesis. Note
that in this ontext the dimensionally redued theories of gravity play a very
important role as simplied models useful to larify oneptual problems arising
in the quantisation proedure (for a review on lower-dimensional gravity see for
instane Monrief, 1990; Carlip, 1995).
) Quantisation of matter elds in a xed bakground spaetime endowed with
a metri: quantum mehanis on urved spaetimes, semilassial quantum
gravity.
This approah is alled by Isham \general-relativise quantum theory";
d) general relativity as low-limit of a more omplete quantum eld theory: stri-
ngs, superstrings;
e) new theories that do not inlude a priori the notion of spaetime mani-
fold (spaetime ontinuum): topologial quantum gravity, simpliial quantum
gravity, dynamial triangulations.
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Canonial and Eulidean approahes to quantum gravity will be briey dis-
ussed in set. [2.5℄ and set. [3.1℄ respetively. For a omplete disussion of these
and other approahes the reader is referred to Isham (1992) and Esposito (1992).
What do we expet from the quantisation of the gravitational eld? Following
Isham (1995) we an divide the new possible features of the ultimate theory of
quantum gravity in two main ategories:
i) the properties at basi level;
ii) the \phenomenologial" properties.
The dierene underlying this lassiation is essentially based on the range
of energy at whih we want to observe the quantum eets of the theory. The
fundamental properties at basi level onern mainly the gravitational eld at
energies beyond the Plank energy.
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In this regime we expet that the ultimate
desription of the quantised gravitational eld may involve mathematial tools
and onepts very dierent from those of the usual quantum eld theory. For
instane, it is ommonly believed that beyond the Plank energy, the use of
the ontinuum and/or the onept of spaetime point is no longer appropriate.
Further, the usual (Copenhagen) interpretation of quantum mehanis should
probably be abandoned (see for instane Hartle, 1995). At energy sales just
below the Plank energy, where the eets mentioned above are not yet predom-
inant, \phenomenologial" eets of quantum gravity may take plae. In this
range of energy a quantum theory of gravity might use mathematial tools and
onepts more similar to the usual quantum eld theory or quantum mehanis.
For instane, the notions of ontinuum and spaetime manifold should emerge
from the basi struture of the theory in its semilassial limit. The formalism
of the theory might then use the standard quantum mehanis based on Hilbert
spaes and the usual Copenhagen interpretation. In this framework one may ob-
tain a orret \phenomenologial" desription of well-dened \quantum gravity
entities", for instane quantum blak holes, or the primordial universe. For this
sort of quantum gravitational systems, what Isham alls the \phenomenologial
quantum gravity" emerges from the underlying theory (Isham, 1995). In this
framework I have developed the major part of my researh work.
1.3 A Short History of the Researh in Quantum Gravity.
What is the origin of the attempts to formulate a quantum treatment of the
gravitational eld? What have been the most important disoveries? To onlude
this short review, let us summarize briey the researh in quantum gravity over
the last thirty-ve years.
2
See for instane Morales-Teotl (1994).
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Figure 1.1: The range of energy in whih the \phenomenologial prop-
erties" of quantum gravity possibly take plae is just below the Plank
energy. In this regime quantum gravity may be desribed by the usual
formalism of quantum mehanis. By a proess of \oarse graining"
the appropriate desription of the gravitational eld moves from the
ultimate theory of quantum gravity to general relativity.
1960-1970's: The Origin of Quantum Gravity Studies.
The origin of quantum gravity studies dates bak to the pioneristi works of Dira
and Bergmann in the late 50's (Dira, 1958; Bergmann and Goldberg, 1955). In-
deed, it was Dira who rst investigated the anonial analysis of lassial general
relativity in order to apply to the gravitational eld the theory of quantisation of
onstrained systems (see Dira, 1964) he was developing (quantisation a la Dira
{ see set. [2.3℄). This line of researh led to the Hamiltonian formulation of the
Einstein theory by Arnowitt, Deser, and Misner (1962) in the early sixties and to
the appliation of Dira quantisation to the ADM formalism by Wheeler (1968)
and DeWitt (1967) (Wheeler-DeWitt equation, see set. [2.5℄). The rst attempt
in quantising gravity moves thus from the anonial formalism. The rst works
on redued models (minisuperspae models, quantum osmology { see [2.5℄ and
hapt. 4) date bak to the end of sixties (DeWitt, 1967; Misner, 1969; 1972). The
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oneptual problems arising in the quantum anonial formulation of gravity a
la Dira, stimulated the disussion about the orret interpretation of quantum
mehanis, denition of time, et. The rst studies on renormalisability of the
gravitational eld start in this period.
More or less at the time when the anonial quantum gravity is developing,
Regge (1961) starts to investigate what has ome to be alled the simpliial
quantum gravity (Regge alulus). The rst appliation of Regge alulus in
quantum gravity dates bak in 1968 to Ponzano and Regge (1968). The twistor
approah is introdued by Penrose (1967).
1970-1980's: The Middle Ages of Quantum Gravity.
In early 70's the denitive proof that the Einstein theory is not renormalisable
(see Isham, Penrose, and Siama, 1975; 1981) is given. In this period all standard
methods of quantum eld theory seem to fail when applied to gravity. However,
the proof of the non-renormalisability of general relativity is a great ahievement
in the researh in quantum gravity beause it stimulates work on non-perturbative
methods of quantisation. More or less in the same time, Hawking shows that
blak holes radiate (Hawking, 1974; 1975). This result has a natural preursor
in the formulation of the area theorem (Hawking, 1971).
3
In a few years it is
realised that the Hawking disovery allows to relate the blak hole parameters
to thermodynamial quantities as the entropy (Bekenstein, 1973; 1974a). The
results on the blak hole thermodynamis are then summarised in the laws of the
blak hole mehanis analogous to the laws of thermodynamis (Bardeen, Carter,
and Hawking, 1973; Bekenstein, 1974a). Finally, the exat onnetion between
thermodynamis and mehanis of blak holes is established by Hawking (1974).
The work of Hawking and Bekenstein leads to a great interest in the quantum
eld theory in urved spaetime. The so-alled Eulidean quantum gravity (see
set. [3.1℄) begins to develop. In this ontext, around the mid 70's, supergravity
was born (for a review, see for instane van Nieuwenhuizen, 1981).
1980-1990's: The Renaissane.
In parallel to the researh in blak holes, a great deal of ativity is devoted
to the appliations of Regge alulus to quantum gravity. In early eighties we
nd the rst works on four-dimensional quantum Regge alulus by Williams
(1986a,b) and her ollaborators (Roek and Williams, 1981; 1982; 1984). In
1985 Hartle proposes and develops the onept of simpliial minisuperspae in
quantum osmology (Hartle, 1985). Physiists realise that topologial quantum
eld theories (Witten, 1988; Atiyah, 1989) may be relevant for quantum gravity.
Studies on dynamial triangulations and onformal theories begin to develop
(see for instane Ambjorn, 1994) and the Regge alulus beomes the basis for
numerial quantum gravity.
3
Aording to this theorem, the area of a blak hole always inreases.
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The development of the superstring theory dates bak to mid 80's (Green
and Shwarz, 1984) and beomes one of the most promising andidates for the
ultimate theory of quantum gravity. Superstrings inorporate the old hope that
quantum gravity is unied with the other fundamental interations. More or less
in the same time Ashtekar nds a set of new anonial variables that simplify
the struture of the onstraints (Ashetkar, 1986). This development produes a
new intriguing programme in the non-perturbative approah to quantum gravity
leading to the interesting issue of the use of gauge-invariant loop variables (Rovelli
and Smolin, 1990). The researh in low-dimensional quantum gravity is also
developing in this period (for a review on 2+1 gravity, see for instane Carlip,
1995).
1990's-today: The Modern Epoh.
All the lines of researh that have been developed in the last thirty-ve years
are urrently ative. Presently, a great amount of ativity is devoted to the
Ashtekar programme and loop representation of quantum gravity (see Ashtekar,
1994; Rovelli and Smolin, 1990) also in onnetion with blak hole physis (Bar-
reira, Carfora, and Rovelli, 1996; Rovelli, 1996), superstrings (see for instane
Amati, 1995), lower-dimensional models (see Carlip, 1995; Nelson and Regge,
1994), topologial gravity (see Crane, 1993; 1995), simpliial quantum gravity
and dynamial triangulations (see Williams, 1995; David, 1992; Ambjorn et al.,
1995), Eulidean quantum gravity (see Esposito, 1992) and oneptual problems
of quantisation (Copenhagen interpretation and deoherene, see Hartle, 1995;
semilassial approximation, see Embaher, 1996; problem of time, see Isham
1992, 1993a; Kuhar 1992; Barbour, 1994a, 1994b; strutural issues, see Isham
1993b, 1995) the two last approahes being the framework in whih the original
part of my work has been developed. As far as the \phenomenologial point of
view" is onerned, during the last years blak hole and osmologial solutions
have been widely investigated in the framework of low-energy eetive string eld
theory (see for instane Witten, 1991), also in onnetion with the sale-fator
duality (Veneziano, 1991). The general idea underlying these investigations is
that the short-distane modiations of general relativity due to string theory
ould be ruial in order to understand long-standing problems of quantum grav-
ity suh as the loss of information in the blak hole evaporation proess or the
nature of singularities in the Einstein theory.
2Constrained Hamiltonian
Systems
In this hapter we shall deal with onstrained Hamiltonian systems. The investi-
gation of onstrained systems is of partiular relevane in physis. Indeed, gauge
systems are always endowed with onstraints. General relativity, Maxwell's the-
ory of eletromagnetism, and the massive relativisti free partile are the most
remarkable examples. Sine the Hamiltonian formulation of a system is funda-
mental to obtain quantum mehanis, the analysis of the Hamiltonian formalism
for onstrained systems is an essential tool for the formulation of the quantum
theory of gauge systems.
The next setion is devoted to the essential properties of lassial onstrained
Hamiltonian systems. It onsists of a short review of the well-known tehniques
developed rst by Dira (1958) and Bergmann (see Bergmann and Goldberg,
1955) to disuss the formal aspets of nite dimensional systems endowed with
onstraints. Set. [2.2℄ deals with nite-dimensional systems invariant under time
reparametrisation. Set. [2.3℄ is devoted to the disussion of the various ap-
proahes to the quantisation of these systems. In set. [2.4℄ I shall apply the
tehniques disussed in the previous setions to an aademi ase: the relativisti
free massive partile. Finally, in the remaining two setions I shall introdue the
Hamiltonian formalism for general relativity. Set. [2.5℄ is devoted to the formal
aspets of the theory and to anonial quantum gravity. In the last setion I
shall disuss in detail minisuperspae models, i.e. models in whih only a nite
number of gravitational and matter degrees of freedom is retained.
1
The purpose of this hapter is to present some basi ideas on lassial and
quantum onstrained systems, in partiular general relativity. Of ourse, this
is not meant to be a omplete disussion of the subjet. For a more omplete
1
The ontent of set. [2.6℄ and part of set. [2.4℄ is original work done in ollaboration
with Prof. de Alfaro (Universita di Torino) and Prof. Alexandre T. Filippov (JINR,
Dubna) { see Cavaglia, de Alfaro, and Filippov (1995a; 1995b; 1995; 1996).
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introdution to onstrained Hamiltonian systems the reader is referred to the
seminal papers by Dira (1964), Hanson, Regge, and Teitelboim (1976), and to
the reent exellent book by Henneaux and Teitelboim (1992).
2.1 Finite-dimensional Constrained Systems.
Our starting point is the ation
S =
Z
t
2
t
1
dt L(q
i
; _q
i
) ; (2:1:1)
where L is the Lagrangian, q
i
(i = 0; :::D   1) are the Lagrangian oordinates
of the D-dimensional system, and _q
i
are the veloities. The ation (2.1.1) is
obviously taken to be stationary under variations Æq
i
(t) vanishing at the endpoints
t
1
and t
2
. The ensuing equations of motion are
d
dt

L
 _q
i

 
L
q
i
= 0 : (2:1:2)
From (2.1.1) it is straightforward to pass to the Hamiltonian formalism via the
usual Legendre transformation. Dene the anonial momenta as
p
i

L
 _q
i
: (2:1:3)
The ation (2.1.1) an be written in the form
S =
Z
t
2
t
1
dt f _q
i
p
i
 Hg ; (2:1:4)
where H is the Hamiltonian
H  _q
i
p
i
  L(q
i
; _q
i
) : (2:1:5)
H does not depend on the veloities _q
i
and is only a funtion of the oordi-
nates and momenta. The Hamiltonian (2.1.5) formally generates the equations
of motion
_q
i
= [q
i
; H℄
P
=
H
p
i
; (2.1.6a)
_p
i
= [p
i
; H℄
P
=  
H
q
i
; (2.1.6b)
where the Poisson braket [ ; ℄
P
is dened as
[A;B℄
P
=
A
q
i
B
p
i
 
A
p
i
B
q
i
: (2:1:7)
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Eqs. (2.1.3) an in priniple be inverted in order to give the anonial veloities
_q
i
in funtion of the anonial oordinates q
i
and momenta p
i
: _q
i
= _q
i
(q
j
; p
j
). If
det

2
L
 _q
i
 _q
j
= 0 ; (2:1:8)
the solution _q
i
= _q
i
(q
j
; p
j
) does not exist. This means that the anonial momenta
(2.1.3) are not all independent. Thus we have some relations between oordinates
and momenta

n
(q
i
; p
i
)  0 ; (2:1:9)
where n = 1; :::N . Eqs. (2.1.9) are alled primary onstraints of the system.
Sine the formal quantities 
n
usually have non-vanishing Poisson brakets with
the Hamiltonian H (even though their numerial values are zero) following Dira
(1964) we have used the symbol \"
2
to stress that the anonial expressions

n
(q
i
; p
i
) are numerially restrited to vanish but are not identially null in the
entire phase spae.
3
Eqs. (2.1.9) imply that the Hamiltonian is not unique. Indeed, sine in the
phase spae the Hamiltonian is dened only on the hypersurfae determined by
primary onstraints, it an be \extended" o that hypersurfae, i.e. we an always
substitute H with the total Hamiltonian
H
T
= H + u
n

n
(q
i
; p
i
) ; (2:1:10)
where u
n
are arbitrary oeÆients depending from anonial oordinates, u
n

u
n
(q
j
; p
j
). It is easy to verify that the equations of motion (2.1.6) beome
_q
i
 [q
i
; H
T
℄
P
=
H
p
i
+ u
n

n
p
i
; (2.1.11a)
_p
i
 [p
i
; H
T
℄
P
=  
H
q
i
  u
n

n
q
i
: (2.1.11b)
Sine onstraints must be preserved in time, the time derivatives of (2.1.9)
have to (weakly) vanish, i.e. we must impose the n onsisteny equations
_

n
 [
n
; H
T
℄
P
= [
n
; H℄
P
+ u
m
[
n
; 
m
℄
P
 0 : (2:1:12)
Eqs. (2.1.12) an be interpreted as n non-homogeneus linear equations in the
unknown u
m
with oeÆients depending on the anonial variables. Let us look
at (2.1.12). They an be divided in four lasses:
2
It reads \weakly equal to".
3
This implies that one must not make use of weakly vanishing quantities before one
works out Poisson brakets. In the following hapters we will often substitute  with =
for simpliity.
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1) equations that have no solutions, i.e. leading to inonsistenies;
2) equations identially solved (using the onstraints);
3) equations reduing to relations independent from the unknown u
m
;
4) equations that give u
m
in funtion of the phase spae variables.
Let us disuss the above ases. In the rst one we nd that our system is in-
onsistent, i.e. the original Lagrangian is inompatible with onstraints. In the
seond ase the equation does not give any further information about the system;
the onstraint is automatially preserved in time due to the other onstraints and
we an neglet the equation. The remaining ases are more subtle.
An equation of the third lass implies the relation
(q
i
; p
i
)  0 : (2:1:13)
Eq. (2.1.13) means that we have a new onstraint involving the phase spae
variables. We will all (2.1.13) a seondary onstraint sine it does not follow
diretly from the original Lagrangian but is a onsequene of the onsisteny
equations (2.1.12). In this ase we have to require the vanishing of the time
derivative of (2.1.13) as done for the primary onstraints. So we write
_  [;H
T
℄
P
= [;H℄
P
+ u
n
[; 
n
℄
P
 0 ; (2:1:14)
and repeat the proedure until we are into the ase four. At the end of the
proedure we will nd K additional seondary onstraints as (2.1.13). Thus all
onstraints of the system an be written


(q
i
; p
i
)  0 ; (2:1:15)
where  = 1; :::N +K =

N .
Finally, let us disuss the fourth ase. Rewrite (2.1.12) as
_


 [

; H
T
℄
P
= [

; H℄
P
+ u
m
[

; 
m
℄
P
 0 ; (2:1:16)
to take into aount all primary and seondary onstraints. These equations an
be seen as a set of

N non-homogeneus linear equations in the N unknown u
m
(N 

N). The most general solution of this system of equations is given by the
sum of a partiular solution plus the general solution of the homogeneus assoi-
ated system. Sine the latter is given by a linear ombination of all independent
solutions of the homogeneus equations assoiated to (2.1.16) we an write
u
n
= ~u
n
(q
i
; p
i
) + v
a
v
an
(q
i
; p
i
) ; a = 1; :::A ; (2:1:17)
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where ~u
n
is a partiular solution of the system, v
an
are the independent solu-
tions of the homogeneus equations assoiated to (2.1.16), and v
a
are arbitrary
oeÆients.
Introduing
H
0
= H + ~u
n
(q
i
; p
i
)
n
(q
i
; p
i
) ; (2:1:18)
and realling (2.1.17), the total Hamiltonian (2.1.10) an be rewritten
H
T
= H
0
+ v
a

a
(q
i
; p
i
) ; (2:1:19)
where 
a
(q
i
; p
i
) = v
an
(q
i
; p
i
)
n
(q
i
; p
i
). Note that the separation (2.1.19) is not
unique beause it depends on the hoie of the partiular solution in (2.1.17).
At this point it is useful to introdue a lassiation of onstraints. We dene
rst-lass a funtion of the phase spae variables whose Poisson brakets with all
the onstraints are weakly zero, i.e.
If: 8 [F; 

℄
P
 0 ! F : First-lass. (2.1.20)
A non-rst-lass funtion will be said to be seond-lass, i.e.
If: 9 = [F; 

℄
P
6 0 ! F : Seond-lass. (2.1.21)
Using this lassiation it is easy to see that H
0
is the rst-lass replaement
of the original non-extended Hamiltonian H (rst-lass Hamiltonian). Thus the
total Hamiltonian H
T
an be interpreted as the sum of a rst-lass Hamiltonian
plus a linear generi ombination of rst-lass primary onstraints 
a
. Finally,
the total Hamiltonian an further be extended. Let us see this point in detail.
We dene the extended Hamiltonian
H
E
= H
0
+ u
a

a
(q
i
; p
i
) ; (2:1:22)
where u
a
are arbitrary oeÆients and 
a
are all rst-lass onstraints (primary
+ seondary). Of ourse, H
E
diers from H
T
for a linear ombination of rst-
lass seondary onstraints. One an prove that the equations of motion derived
from (2.1.22) are equivalent to the ones derived by (2.1.18), thus to the equa-
tions of motion following from the original Hamiltonian, sine the onstraints are
preserved.
4
The importane of the extended Hamiltonian lies on the relation between rst-
lass onstraints and gauge transformations of the system. Sine the Hamiltonian
of the system is not unique, not all the anonial variables are observable. Indeed,
4
See Henneaux and Teitelboim (1992).
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the presene of arbitrary quantities in the total Hamiltonian implies that the solu-
tion of the equations of motion depends on unknown arbitrary funtions of time.
Sine a physial quantity must be unambigously dened, only those partiular
quantities that do not depend on the unknown arbitrary funtions are observ-
able.
5
This property is neessary in order to determine ompletely the physial
state of the system at any time. Indeed, suppose that the state of the system is
given at a ertain time t
0
by the set of initial onditions fq
i
(t
0
); p
i
(t
0
)g. Sine
the solutions of the equations of motion depend on arbitrary funtions of time,
the state at the time t > t
0
will not be uniquely determined. As a onsequene,
there are several nal states, with the same physial ontent, orresponding to
dierent hoies of initial onditions. The situation is analogous to gauge elds.
We all gauge transformations those transformations that do not alter physial
states of the system dened by observables, (gauge-invariant quantities). Let us
see how gauge transformations are dened.
Let us return bak for a moment to the total Hamiltonian and onsider a
generi anonial quantity X(q
i
; p
i
). Let X
0
 X(q
i
(t
0
); p
i
(t
0
)) the value of X
at a given initial time t
0
. After an innitesimal time interval Æt, X will be
X = X
0
+
 
[X;H
0
℄
P
+ v
a
[X;
a
℄
P

Æt : (2:1:23)
Sine the quantities v
a
are ompletely arbitrary, we an rewrite (2.1.23) for a
dierent hoie of v
a
. The variation indued on X is
ÆX =
 
v
(1)
a
  v
(2)
a

[X;
a
℄
P
Æt ; (2:1:24)
or, in another form
ÆX = [X;
a
℄
P
"
a
; (2:1:25)
where "
a
=
 
v
(1)
a
  v
(2)
a

Æt. The transformation (2.1.25) is equivalent to the
innitesimal ontat transformation of X generated by 
a
. Of ourse the ob-
servables must be invariant under (2.1.25). First-lass primary onstraints an
thus be seen as \generating funtions of innitesimal ontat transformations
that lead to hanges in anonial variables but do not aet the physial state"
(Dira, 1964). Seondary rst-lass onstraints may also generate gauge trans-
formations. Indeed, a Poisson braket of two rst-lass primary onstraints, and
the Poisson braket of any rst-lass primary onstraint with the Hamiltonian
H
0
(rst-lass), are generating funtions of gauge transformations and in general
linear ombinations of (primary and seondary) rst-lass onstraints. It has not
been proved that every rst-lass seondary onstraint is a generating funtion of
a gauge transformation (Dira onjeture, see Dira (1964)). However, the known
ounterexamples
6
involve pathologial Lagrangians, so usually one assumes that
5
They are indeed alled the observables of the system.
6
For a ounterexample see for instane Henneaux and Teitelboim (1992).
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all rst-lass onstraints generate gauge transformations. Sine gauge transfor-
mations do not aet the physial observables of the system we are led to use
the extended Hamiltonian (2.1.22). The latter desribes the most general motion
ompatible with gauge transformations and onstraints.
To onlude this setion, let us ount the number of degrees of freedom of a
system endowed with rst- and seond-lass onstraints (see for instane Hen-
neaux and Teiteboim, 1992). The number N
phys
of physial anonial degrees of
freedom
7
is
N
phys
= N
an
 N
f
 N
s
=2 ; (2:1:26)
where N
an
is the original (unonstrained) Lagrangian number of degrees of free-
dom
8
, N
f
is the number of rst-lass onstraints, and N
s
is the number of
seond-lass onstraints. From (2.1.26) we an see that the number of seond-
lass onstraints is always even (for the proof, see Henneaux and Teitelboim,
1992).
2.2 Generally Covariant Systems.
In the previous setion we have seen how onstrained Hamiltonian systems orre-
spond essentially to gauge systems. A rst-lass onstraint an be interpreted as
the innitesimal generating funtion of a gauge invariane of the system. From
now on we will onsider a speial lass of nite-dimensional gauge systems, in-
variant under reparametrisation of time, i.e. the generally ovariant systems.
9
We dene \generally ovariant" a nite-dimensional system whose ation
(2.1.4) remains invariant under the time redenition
t!

t = f(t) : (2:2:1)
It is straightforward
10
to see that if the anonial variables transform as salars
under reparametrisation, the form of the ation must be
S =
Z
t
2
t
1
dt f _q
i
p
i
 H
E
g ; (2:2:2)
where the extended Hamiltonian is simply a linear ombination of rst- and
seond-lass onstraints
H
E
= u
a

a
(q
i
; p
i
) ; (2:2:3)
i.e. the rst-lass Hamiltonian in (2.1.22) must be identially (weakly) zero.
7
We dene anonial degree of freedom eah pair fq
i
;p
i
g.
8
N
an
=D, where D is the dimensionality of the onguration spae, see (2.1.1).
9
One of the most remarkable examples among generally ovariant systems is the
massive relativisti free partile that will be disussed in set. [2.4℄.
10
See Henneaux and Teitelboim (1992).
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The system desribed by (2.2.2,3) is invariant under the (gauge) transforma-
tion
Æq
i
= "(t) _q
i
 "

q
i
; H
E

P
; (2.2.4a)
Æp
i
= "(t) _p
i
 "

p
i
; H
E

P
; (2.2.4b)
Æu
a
=
 
u
a
"(t)

_; (2.2.4)
with "(t
1
) = "(t
2
) = 0. In the ase of a single rst-lass onstraint and no
seond-lass onstraints
11
, i.e. H
E
= uH, where u is the Lagrange multiplier
(non-dynamial variable), eqs. (2.2.4) an be written in the more ompat form
Æq
i
= 
H
p
i
= 

q
i
; H

P
; (2.2.5a)
Æp
i
=  
H
q
i
= 

p
i
; H

P
; (2.2.5b)
Æu =
d
dt
; (2.2.5)
where  = u" and (t
1
) = (t
2
) = 0. From eqs. (2.2.5) we see that the transfor-
mation (2.2.5) orresponds to the gauge transformation generated by H. We will
denote it as H. Note that the nite form of the gauge transformation (2.2.5) has
the same ontent of the solution of the equations of motion.
To onlude this setion, let us spend a few words about the restritions to
be imposed on the Lagrange multiplier. We require u to be positive, at least on
the onstraint surfae. Indeed, with this hoie the evolution parameter
(t) =
Z
t
0
u(p
i
(t); q
i
(t); t)dt (2:2:6)
is a monotoni inreasing funtion in t on any trajetory. In quantum mehanis
one never gets the Feynman propagator without this positivity restrition (see
e.g. Teitelboim, 1991; 1983; Banks and O'Loughlin, 1991). Possibly, some simple
zeroes may be harmless but one annot make any general statement about this.
As a onsequene, in the redenition of the Lagrange multiplier u
0
= f(q
i
; p
i
)u
one has to impose f  0.
11
I.e. there are no gauge generators exept the generator of t-reparametrisation. Min-
isuperspae models that will be disussed in the following hapters are systems of this
sort.
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2.3 Quantisation of Disrete Gauge Systems.
This setion is devoted to the quantisation of the generally ovariant onstrained
Hamiltonian systems disussed in the previous setion. Attention will be foused
on the so-alled disrete gauge theories, namely systems endowed only with rst-
lass onstraints whose Poisson brakets form a Lie algebra. Minisuperspae
models that will be investigated in the following hapters are of this kind.
12
There are essentially two standard operator approahes to the quantisation
of gauge systems. The rst is the Dira method in whih the onstraints of
the theory are promoted to quantum operators (quantise before onstraining).
This leads in gravity to the Wheeler-DeWitt equation (see set. [2.5℄) whose
solutions need gauge xing before being interpreted, in order to eliminate the
unphysial degrees of freedom and dene the inner produt. The method suers
from fator ordering ambiguities and the related problem of the representation of
the operators. This diÆulty is usually overome by the denition of an invariant
measure in the o-gauge shell phase spae together with the implementation of
the Faddeev-Popov proedure. The seond approah is the redued anonial
method leading to a lassial redued gauge-xed phase spae where quantisation
an be arried out as usual (Shrodinger equation) and wave funtions have the
ustomary interpretation (onstrain before quantising).
In our treatment of the quantisation of disrete gauge systems we will disuss
both methods. Further, in the partiular examples that will be examined in the
following hapters we will be able to show that the two methods lead to the same
results for orret gauge xing onditions, thus proving the equivalene of the
two approahes when viable.
We will start by disussing the gauge xing and then we will investigate the
Dira and redued methods.
2.3.a Gauge Fixing.
We have seen in set. [2.1℄ that the number of physial degrees of freedom for a
system endowed with only rst-lass onstraints is equal to the number of original
degrees of freedom of the system minus the number of rst-lass onstraints, eq.
(2.1.26). Sine a anonial degree of freedom is represented by a pair fq
i
; p
i
g, in
order to redue the system to the physial degrees of freedom we have to impose
a number of extra onditions (gauge identities) equal to the number of rst-lass
onstraints.
13
By means of these extra onditions the system is redued to a
omplete set of physial observables.
12
Examples of these systems are also the free relativisti partile, the theory of onned
bound states of relativisti partiles, et.. See for instane Filippov (1996a).
13
Here and throughout the setion we will onsider onstraints at least bilinear in the
momenta.
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In eld theory, essentially four dierent kinds of gauge xing have been dis-
ussed in the literature (see Filippov, 1996a). We retain here that nomenlature,
aording to the type of gauge xing ondition: unitary gauges, Lorentz gauges,
axial gauges, and stohasti quantisation. Let us disuss briey the rst three
approahes.
14
a) Unitary Gauges. Remarkable examples of unitary gauge xings are the Cou-
lomb gauge in eletromagnetism and the light-one gauge in string theory.
The gauge xing identities are of the form
F
a
(q
i
; p
i
; t) = 0 : (2:3:1)
Sine the gauge xing must be preserved in time, we require that the total
time derivatives of (2.3.1) vanish. Further, we impose the Poisson brakets of
F with the onstraints to be dierent (weakly) from zero. These requirements
are neessary and suÆient onditions leading to the redution of the system
to physial degrees of freedom and to the determination of the Lagrange mul-
tipliers. Note that these onditions imply the system to beome seond-lass.
After gauge xing there are no rst-lass onstraints left. In eld theory gauge
xings of this sort destroy Lorentz invariane.
b) Lorentz Gauges. Lorentz gauges are dened by the equations
_u
a
= F
a
(q
i
; p
i
;u
b
) ; (2:3:2)
even though one usually sets simply _u
a
= 0. This sort of gauge xing is
suited to the Faddeev-Popov (FP) { Batalin-Fradkin-Vilkovisky (BFV) {
Behi-Rouet-Stora-Tyutin (BRST) approah to quantisation. The gauge x-
ing (2.3.2) requires the introdution of additional (ghost) degrees of freedom.
Gauge xings used in the path-integral approah are of this sort. In eletro-
magnetism the Lorentz ondition 

A

= 0 is of the form (2.3.2).
) Axial Gauges. In this ase the gauge xing identities are
F
a
(q
i
; p
i
;u
b
) = 0 : (2:3:3)
This sort of gauge orresponds to x diretly the value of the Lagrange mul-
tipliers. The analogue ase in eletromagnetism is n

A

= 0. Analogously to
(2.3.1) we require the system to beome seond-lass.
14
The stohasti quantisation is a sui generis gauge xing not suitable for minisuper-
spae models in whih we are interested here.
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To onlude the disussion on gauge xing, let us stress that gauge xing ondi-
tions are loal relations that might not globally hold in phase spae. This phe-
nomenon is known as Gribov obstrution (see Henneaux and Teitelboim, 1992)
and in the ase of t-reparametrisation invariane is stritly related to the non-
existene of a global time (see Hajek, 1986). Usually, an integrable system
invariant under t-reparametrisation does not suer from the Gribov obstru-
tion, sine it an be redued to the Shanmugadhasan form (Shanmugadhasan,
1973) by a anonial transformation
15
. In that ase the onjugate variable to the
Hamiltonian denes a global time parameter and there is no Gribov obstrution.
Geometrially, the existene of a global time parameter implies that the gauge
onditions interset the gauge orbits on the onstraint surfae one and only one.
2.3.b Dira Method.
We have seen that in order to quantise a disrete gauge system one has to re-
due its degrees of freedom to the physial ones. This an be performed after
the appliation of the quantisation algorithm or before. In the former ase the
quantisation proedure is alled Dira method, in the latter it is alled anonial
redued method. Let us rst disuss the Dira method.
The starting point of the Dira method is to set the ommutation relations
16

q^
i
; p^
j

= iÆ
ij
: (2:3:4)
So far no gauge onditions have been imposed. Thus eqs. (2.3.4) hold in the
entire (unonstrained) phase spae and the system arries unphysial information.
Using (2.3.4) the quantisation of the system an be ahieved imposing that the
onstraints be enfored by operator identities on the wave funtions. We have
^
a
	 = 0 : (2:3:5)
The relations (2.3.5) enfore the gauge invariane of the theory. Indeed, all phys-
ial states remain unhanged if one performs the general nite gauge transforma-
tions generated by onstraints.
One one has imposed the quantum relations (2.3.5), the gauge must be xed.
This an be performed using the Faddeev-Popov proedure to dene the inner
produt. The salar inner produt of solutions of (2.3.5) is dened as (see Hen-
neaux and Teitelboim, 1992)
(	
2
;	
1
) =
Z
d[℄
Y
a
	

2
()Æ(F
a
)
FP
	
1
() ; (2:3:6)
where F
a
(
i
) = 0 are the gauge xing identities, 
i
 
i
(q
j
; p
j
) are the po-
larisation oordinates whih appear in the wave funtions, d[℄ is the measure
15
See later [2.3.℄.
16
We represent operators with the symbol \^".
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dened in the unonstrained phase spae, and nally 
FP
is the Faddeev-Popov
determinant

 1
FP
=
Z
d[h℄ Æ
 
F (h)

; (2:3:7)
where h
i
are the oordinates on the (ompat) group manifold and d[h℄ is the
produt over t of the invariant measure of the group (see Itzykson and Zuber,
1980; Henneaux and Teitelboim, 1992).
Let us see how the method works in the ase of (one) simple onstraint p
0
= 0.
Just to x ideas, let us use
d[℄ = dq
0
dq
1
; :::dq
D 1
; (2:3:8)
and thus the operator representation
q^
i
! q
i
; p^
i
!  i

q
i
: (2:3:9)
The single onstraint equation (2.3.5) reads
 i

q
0
	(q
i
) = 0 : (2:3:10)
Eq. (2.3.10) implies that the physial wave funtions do not depend on q
0
, i.e.
the degree of freedom fq
0
; p
0
g is unphysial. A suitable gauge xing ondition is
F  q
0
  k = 0 ; (2:3:11)
where k is a parameter. Using (2.3.11) in the denition of the Faddeev-Popov
determinant we nd 
FP
= 1. Finally, the inner produt (2.3.6) is
(	
2
;	
1
) =
Z
dq
2
:::dq
n
	

2
(q
2
; :::q
n
)	
1
(q
2
; :::q
n
) : (2:3:12)
In pratie, the main problems in order to implement the Dira proedure are the
hoie of the fator ordering to be used in (2.3.5) and the hoie of the measure
in superspae (and, as a onsequene, the hoie of the variables to be used
for the wave funtions). Indeed, in order to represent the formal ommutation
relations (2.3.4) as dierential operators one must rst hoose a pair of ommuting
variables as oordinates and establish the form of the (non gauge-xed) measure
d[℄. For instane, the measure d[℄ an be determined by the requirement that it
be invariant under the symmetry transformations of the system (rigid and gauge
transformations).
17
17
See Cavaglia, de Alfaro, and Filippov (1996).
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2.3. Redued Method.
In this ase the quantisation of the system is implemented by rst reduing the
system to the physial degrees of freedom by gauge xing and then applying the
quantisation algorithm. Let us see the proedure in detail.
The starting point to eliminate the gauge redundany and redue the anon-
ial degrees of freedom is the introdution (at the lassial level) of a number
of unitary gauge onditions (2.3.1) equal to the number of rst-lass onstraints.
The diÆulty of the hoie of gauge identities lies in that the loal onditions
(2.3.1) must be globally ompatible with the equations of motion. This an be
heked using the nite gauge transformations (2.2.4). The ompletion of the pro-
edure depends thus on the integrability properties of the system. For instane,
the gauge xing an be suessfully implemented if the system is integrable
18
or
separable in one degree of freedom sine one an pass to ation-angle variables
(Arnold, 1978). Let us see this point in the ase of a single rst-lass onstraint
H = 0 { thus eqs. (2.2.5). To implement the redution proedure one needs the
general solution of the equations
dq
i
d
=
H
p
i
;
dp
i
d
=  
H
q
i
; (2:3:13)
where d = udt. The solution of these equations, i.e.
q
i
() = f
i
(q; p; ) ; p
i
() = g
i
(q; p; ) (2:3:14)
satisfying the initial onditions
f
i
= q
i
; g
i
= p
i
for  = 0 ; (2:3:15)
dene the nite gauge transformation. We an then eliminate the unphysial
anonial degree of freedom as funtion of the remaining ones and time (see
below); time is onneted to the original set of anonial variables and the problem
is redued to the gauge shell with 2(N
an
  1) anonial oordinates (analogous
to the unitary gauge in eld theories). Naturally the Poisson braket [F;H℄
P
must not vanish even weakly, thus the set fF;Hg is seond-lass. The gauge
ondition (2.3.1) determines the Lagrange multipliers u(t) as a funtion of time
and in general of anonial variables. Finally, the onsisteny of the proedure
an be veried using (2.3.14) and substituting the expliit form of u in eq. (2.2.6).
The gauge-xing funtion F must depend expliitly upon time sine we want to
dene time as a funtion of the phase spae variables.
The redution of the system is usually implemented by a anonial transfor-
mation. For instane, if the gauge xing funtion F is of the form F = p
0
 f(q
i
; t)
18
An Hamiltonian system with D anonial degrees of freedom is alled integrable (a
la Liouville) if D independent rst integrals in involution are known. See for instane
Arnold (1978).
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one an hoose the anonial transformation fq
0
; p
0
g ! fQ
0
; P
0
g so that P
0
=
F; Q
0
= q
0
. Then the gauge shell is obtained by imposing P
0
= 0 and xing
Q
0
from the onstraint H = 0 (see set. [2.6℄). One anonial degree of freedom
is thus eliminated and the motion is redued to N
an
  1 anonial degrees of
freedom with an eetive Hamiltonian H
e
(that an be time-dependent) gen-
erating anonial motion on the gauge shell.
19
The gauge xing identity is the
fundamental gauge xing equation that states how time is onneted to anonial
variables.
In order to have a sensible quantum mehanis, usually one requires that
the eetive Hamiltonian be loal, Hermitian and unique. If these onditions
are satised, the system an be quantised and the Hilbert spae reovered in
the eetive redued anonial spae (gauge shell) by writing a time-dependent
Shrodinger equation
20
i

t
 =
^
H
e
 ; (2:3:16)
where  is the on-gauge shell wave funtion dened in the Hilbert spae. In a
given gauge, time is now onneted to the anonial degree of freedom that has
been eliminated by the onstraint and gauge xing.
2.3.d Equivalene between Dierent Approahes.
For a generi system it is not proved that the two dierent approahes to the
quantisation (Dira vs. redued) lead to the same Hilbert spae. However, the
equivalene between the two methods an be proved if we are able to pass, via a
anonial transformation, to the Shanmugadhasan representation, namely to the
maximal set of gauge-invariant anonial variables (Shanmugadhasan, 1973). Let
us see this point in detail. Consider again for simpliity the ase of one single
onstraint H. The anonial variables in the Shanmugadhasan representation are
dened as
X
i
 X
i
(q; p) ; P
j
 P
j
(q; p) ; H ; T  T (q; p) ;
i; j = 1; :::N
an
  1 ;
(2:3:17)
where fX
i
; P
i
g and fH; Tg are anonial oordinates and momenta:

X
i
; P
j

P
= Æ
ij
;

T;H

P
= 1 : (2:3:18)
(The remaining Poisson brakets are zero.) Consequently fX
i
; P
i
g are gauge-
invariant quantities and T transforms linearly for the gauge transformation gen-
erated by H. The quantities fX
i
; P
j
; Hg form a omplete set of gauge-invariant
quantities (observables) that are in a one-to-one orrespondene with the initial
19
For the proedure see for instane Se. [2.4℄ or Se. [2.6℄.
20
Or, what has the same ontent, the Heisenberg equations.
2.4 An Example: the Relativisti Free Massive Partile 25
onditions.
21
The lassial integrability of the system is thus a neessary on-
dition to pass to the Shanmugadhasan representation. The expliit form of X
i
and P
j
is obtained using the solutions of the equations of motion to express the
initial onditions as funtions of the phase spae oordinates. Finally, T an be
found using the relations (2.3.18).
Now the quantity T an be used to x the gauge sine its transformation
properties for the gauge transformation imply that time dened by this variable
overs one and only one the sympleti manifold, i.e. time dened by T is a
global time (see Hajek, 1986). Using the Shanmugadhasan representation the
quantisation proedure beomes trivial and the Dira and redued approahes
lead to the same Hilbert spae.
To onlude this setion let us stress that quantisations of lassial systems in
dierent representations usually lead to dierent quantum theories. This remains
true here of ourse (see gure 2.1).
2.4 An Example: the Relativisti Free Massive Partile.
As a remarkable example of the methods illustrated above, let us disuss the ase
of the relativisti free massive partile. Its ation is
S =  m
Z
2
1
ds   m
Z
2
1
( dx

dx

)
1=2
; (2:4:1)
where m is the mass of the partile and ds is the innitesimal path lenght. Den-
ing an arbitrary monotoni parameter t that labels the world line position of the
partile the ation (2.4.1) an be written
S =  m
Z
t
2
t
1
dt
p
  _x

_x

; (2:4:2)
where _x

= dx

=dt. One an verify that eq. (2.1.8) holds, so the system desribed
by (2.4.2) is onstrained. Indeed the Lagrangian in (2.4.2) is invariant under the
transformation (2.2.1). One an show that (2.4.2) is equivalent to
S =
1
2
Z
dt

1
u
_x

_x

  um
2

; (2:4:3)
where u is a non-dynamial variable beause no derivatives of u appear in the
ation.
22
From (2.4.3) we an see that the relativisti free massive partile an be
interpreted as the one-dimensional gravity desribed by the line element ds
2
=
 u
2
(t)dt
2
oupled to the matter elds x

(t).
21
These are indeed 2N
an
 1 beause of the invariane under reparametrisation.
22
The equivalene between (2.4.2) and (2.4.3) an be easily proved substituting in
(2.4.3) the equation of motion for the non-dynamial variable.
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Figure 2.1: The gure represents shematially the two alternative
standard operator methods of quantisation of gauge systems. The quan-
tum physial theory (bottom right orner) is obtained through the ap-
pliation of the quantisation algorithm (vertial lines) and of the gauge
xing (horizontal lines) to the lassial onstrained system (upper left
orner). The equivalene of all possible paths in the gure represents the
problem of the equivalene between dierent quantisation approahes.
Dening as usual the onjugate momenta, the ation an be ast in the Hamil-
tonian form
S =
Z
dt
 
 p
0
_x
0
+ p
_
x  uH

; (2:4:4)
where H
E
 uH is the extended Hamiltonian
23
and u  u(t) is the Lagrange
multiplier (analogous to the gauge potential in standard gauge theories) that
23
Note that the rst-lass Hamiltonian is zero, as expeted for generally ovariant
systems when oordinates transform as salars under time-reparametrisation. See set.
[2.2℄.
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enfores the onstraint
H =
1
2
(p
2
  p
2
0
+m
2
) = 0 : (2:4:5)
Finally, the equations of motion are:
_
x = up ;
_
p = 0 ; _x
0
= up
0
; _p
0
= 0 : (2:4:6)
Let us disuss rst the redued method. The gauge an be xed via the anonial
method performing the following anonial transformation
X
0
= x
0
  t p
0
; (2.4.7a)
P
0
= p
0
: (2.4.7b)
and imposing the gauge-xing ondition
F (X
0
; P
0
)  X
0
= 0: (2:4:8)
Note that the Poisson braket [X
0
; H℄
P
is not (weakly) vanishing (it is not a
linear ombination of X
0
and H). As a onsequene, the set of onstraints fF;Hg
beomes seond-lass and the system an be redued. The use of the onsisteny
ondition in the anonial equations of motion generated by the Hamiltonian xes
the Lagrange multiplier as
u(t) = 1 : (2:4:9)
Using the gauge-xing (2.4.8) and the onstraint equation (2.4.5) the onstrained
on-gauge shell ation is
S

=
Z
dt
 
p  x 
1
2
P
2
0

(2:4:10)
with P
2
0
given by (2.4.5) and (2.4.8). Thus, with this hoie of gauge, in the
setor fx; pg the motion is generated by the Hamiltonian
H
e
=
1
2
P
2
0
=
1
2
(p
2
+m
2
): (2:4:11)
Note that the Hamiltonian (2.4.11) generates the motion in the physial three-
dimensional anonial spae fx; pg; this is equivalent to the motion in the setor
fx; pg generated by the ation (2.4.1-3) with the onstraints (2.4.5) and (2.4.8).
Let us note that the anonial transformation (2.4.7) must involve the time pa-
rameter expliitly and that (2.4.8) an be thought of as the denition of time
in terms of anonial variables. It is easy to verify that t dened in (2.4.7) is a
so-alled global time (see Hajek, 1986).
Now the system an be quantised imposing the formal ommutators

x^
i
; p^
j

= iÆ
ij
: (2:4:12)
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In the Shrodinger piture the algebra is realised by
x^
i
! x
i
; p^
j
!  i
j
: (2:4:13)
Using (2.4.13) we obtain the Shrodinger equation (2.3.16)
i

t
 (x; t) =
1
2

 r
2
+m
2

 (x; t) ; (2:4:14)
whose stationary solutions are
 (k;x; t) =
1
(2)
3=2
e
 i(Et kx)
; (2:4:15)
where E =
1
2
(k
2
+m
2
). This is obviously a positive denite Hilbert spae sine
the Hamiltonian is positive-denite and Hermitian. Usual quantum mehanis
applies.
It is interesting to ompare this result with a dierent gauge-xing ondition.
Let us hoose as time the zeroth omponent of x. To do that, eq. (2.4.7a) has to
be substituted by
X
0
= x
0
  t: (2:4:16)
Now, imposing the identity (2.4.8) we nd
H
e
= p
0
= 
p
p
2
+m
2
: (2:4:17)
and the onsisteny equation gives the Lagrangian multiplier
u = 1=p
0
: (2:4:18)
With this gauge xing hoie, in order to have a positive Lagrange multiplier
(see set. [2.2℄), and a sensible quantum mehanis of a single partile, we have
to hoose p
0
> 0 in (2.4.17,18) and thus the positive sign in (2.4.17).
24
So we
end with the redued spae Hamiltonian
H
e
=
p
p
2
+m
2
: (2:4:19)
This is the gauge-xed Hamiltonian of the relativisti partile. The hoie of the
  sign in (2.4.17) would be wrong in quantum mehanis of a single partile (see
e.g. Bjorken and Drell, 1964). The (non-loal) Shrodinger equation is (+ stands
for u > 0)
i

t
 
+
(x; t) =
^
H
e
 
+
; (2:4:20)
24
Thus using (2.4.16) a positive-dened Hamiltonian does not follow automatially
from the theory.
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and the eigenfuntions of p^ are
 
+
(k;x; t) =
1
(2)
3=2
e
 i(Et kx)
; (2:4:21)
where of ourse E =
p
k
2
+m
2
. As before this is obviously a positive-denite
Hilbert spae. Also with this hoie of time we an easily verify that t satis-
es the Hajek onditions of global time (see Hajek, 1986). We will see later
that this result follows diretly from the method of gauge-xing via anonial
transformation and it is not a property of the relativisti partile.
Now let us see how the Dira method works for the gauge (2.4.7). In order to
implement the Dira quantisation proedure it is suitable to perform a anonial
transformation in the setor fx
0
; p
0
g. We write
X
0
=
x
0
p
0
; P
0
=
1
2
p
2
0
: (2:4:22)
In the new variables the onstraint (2.4.5) reads
H =  P
0
+
1
2
(p
2
+m
2
) = 0 : (2:4:23)
Promoting as usual the anonial oordinates fX
0
; P
0
; x
i
; p
i
g to the operators
^
X
0
! X
0
; x^
i
! x
i
;
^
P
0
! i
X
0
; p^
i
!  i
i
;
(2:4:24)
the quantum onstraint beomes

 i
X
0
+
1
2
 
 r
2
+m
2


	(X
0
;x) = 0 : (2:4:25)
A basis of solutions of (2.4.25) is
	(k;x; X
0
) =
1
(2)
3=2
e
 i(EX
0
 kx)
; (2:4:26)
where E is dened as in (2.4.15). Imposing the gauge xing identity F  X
0
 t =
0 (where now t is a parameter) we obtain 
FP
= 1 and the gauge-xed inner
produt beomes
( 
2
;  
1
) =
Z
d
3
x 

(k
2
;x) (k
1
;x) ; (2:4:27)
where the wave funtions are those in (2.4.26) with X
0
= t. The Hilbert spae
oinides with that obtained by the redued method.
30 Constrained Hamiltonian Systems
The Dira method an be also implemented for the gauge (2.4.16). In this
ase using (2.4.16) the Faddeev-Popov determinant beomes 
FP
=  p
0
and the
inner produt (2.3.6) beomes
( 
2
;  
1
) =
Z
d
3
x [ 

2

x
0
	
1
   
1

x
0
	

2
℄
x
0
=t
: (2:4:28)
The inner produt (2.4.28) is not positive-dened (see note 24). In the gauge
x
0
= t the wave funtion must be re-interpreted as a seond-quantised eld.
2.5 Canonial Quantum Gravity.
Having disussed the theory of Hamiltonian onstrained systems, we are now
able to investigate the anonial approah to quantum gravity that forms the
bakground of this thesis and a great deal of researh artiles in quantum gravity.
In this setion we will deal rst with the lassial formalism, devoting the last
part of the setion to the quantum theory. We will see how to implement both
the Dira approah, that leads to the Wheeler-DeWitt equation, and the redued
method. Throughout the setion we will adopt the notations of Isham (1992).
The basis of the anonial approah to quantum gravity is the Arnowitt-Deser-
Misner (ADM) formalism for general relativity, or geometrodynamis (Arnowitt,
Deser, and Misner, 1962; see also Wheeler, 1964). In geometrodynamis the
starting point is a four-dimensional hyperboli manifoldM endowed with a met-
ri g

with signature ( ;+;+;+), and a three-dimensional manifold .
25

plays essentially the role of the three-spae. In this setion we will onsider for
simpliity  ompat. We will also take the signature of  to be positive-denite,
aording to the spirit of geometrodynamis. However, both onditions are not
stritly neessary; we will relax them in hapt. 3 and hapt. 5. In the ADM for-
malism the topology of M is assumed to be R . Thus it is possible to dene
the map (a dieomorphism of R  with M)
F : R !M ; (t; x) 7! F(t; x) ; (2:5:1)
where t and x are respetively the oordinates of a point in R and  in a given
referene frame. As a onsequene, M an be foliated by a one-parameter family
of embeddings
F
t
: !M ; x 7! F
t
(x)  F(t; x) : (2:5:2)
Sine F is a dieomorphism of R withM, for any point of M we an dene
the inverse map F
 1
 :M! R ; (F
t
(x)) = t ; (2.5.3a)
 :M!  ; (F
x
(t)) = x : (2.5.3b)
25
The generalisation to Riemannian manifolds is straightforward and we will omit it.
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The map (2.5.3a) is usually alled the global time funtion and  the natural
parameter of the foliation. Finally, for any point of  the map
F
x
: R!M ; t 7! F
x
(t)  F(t; x) ; (2:5:4)
represents a urve in M and it is possible to dene a one-parameter vetor eld
(deformation vetor) given by the tangent vetors onM. The deformation vetor
_
F
x
(t) an be deomposed in two omponents, one lying in the hypersurfae 
and one along the normal vetor. In omponents we have
_
F

x
(t) = N(t; x)g

F(t; x)n

(t; x) +N
i
(t; x)
i
F

(t; x) ; (2:5:5)
where n

is the normal vetor on the hypersurfae , the greek indies refer to
M and the latin indies to . N and N
i
are usually alled the lapse funtion
and the shift vetor assoiated to the foliation.
The lapse funtion and the shift vetor depend on both the foliation and the
geometry of M. From the pull-bak of g by the map F in the oordinates ft; xg
we obtain
(F

g)
00
(t; x) = N
i
(t; x)N
j
(t; x)h
ij
(t; x) N
2
(t; x) ;
(F

g)
0j
(t; x) = N
i
(t; x)h
ij
(t; x) ;
(F

g)
ij
(t; x) = h
ij
(t; x) ;
(2:5:6)
where
h
ij
= g

(F)
i
F

(t; x)
j
F

(t; x) (2:5:7)
is the metri on . h
ij
is often alled the rst fundamental form of the hypersur-
fae. The line element of M an thus be loally ast in the form
ds
2
 g

dx

dx

= (N
i
N
j
h
ij
 N
2
)dt
2
+ 2N
i
dx
i
dt+ h
ij
dx
i
dx
j
: (2:5:8)
The inverse metri is
g
00
=  
1
N
2
; g
0i
= g
i0
=
N
i
N
2
; g
ij
= h
ij
 
N
i
N
j
N
2
: (2:5:9)
From (2.5.8) we an easily see that the lapse funtion and the shift vetor are re-
lated respetively to the 00 and 0i omponents of the spaetime metri g

. Given
a foliation of the spaetime manifold, the lapse funtion relates the hypersurfae
with parameter t (
t
) to the hypersurfae with parameter t + Æt (
t+Æt
), i.e. it
measures the proper distane between the two hypersurfaes. The shift vetor
N
i
represents the distorsion of the hypersurfae as the parameter t inreases, i.e.
measures for any point of  how a point x in 
t+Æt
is displaed with respet to
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Figure 2.2: The geometrial meanings of the lapse funtion and shift
vetor are illustrated. The lapse funtion (the vetor from P
1
to P
2
)
measures the proper distane between the hypersurfaes at onstant
time; the shift vetor (from P
2
to P
3
) measures the distorsion of the
hypersurfae as it evolves in time.
the intersetion of the hypersurfae with the normal drawn in 
t
from the point
x (see gure 2.2).
Having hosen a foliation, the anonial analysis of the gravitational eld
proeeds as follows. The Einstein-Hilbert ation is (we onsider for simpliity
vauum gravity)
S
EH
[g

℄ =
Z
M
d
4
x
p
 g [R[g

℄  2℄ ; (2:5:10)
where g

is the metri onM, g  det g

, and  is the osmologial onstant.
26
The problem is now to nd a set of anonial variables that determine the evo-
lution of the metri of M. In partiular we are interested in the evolution of
the foliation (2.5.2), i.e. we want to determine how the hypersurfae  evolves
in funtion of the parameter t. This represents a well-posed Cauhy problem.
The omponents of the metri on  play the role of the onguration variables.
Their onjugate momenta represent the rate of hange of g

in funtion of the
evolution parameter. We dene
K
ij
=
1
2N(t; x)
[ 
_
h
ij
(t; x) + L
~
N
h
ij
(t; x)℄ ; (2:5:11)
26
In the literature the ation (2.5.10) in the Eulidean regime is usually dened with
an overall minus sign. In hapt. 3 we will also follow this onvention.
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where L
~
N
h
ij
= N
ijj
+ N
jji
is the Lie derivative of h
ij
along the shift vetor on
the hypersurfae. K
ij
is usually alled the extrinsi urvature or the seond fun-
damental form of the hypersurfae with respet to the embeddings (2.5.2). Now
we an pull-bak the Lagrangian density in (2.5.10) by the foliation. The ation
(2.5.10) an be thus expressed as a funtion of the metri of the hypersurfae h
ij
,
the lapse funtion N , the shift vetor N
i
, and the extrinsi urvature (2.5.11).
The result is
S
EH
[N;N
i
; h
ij
℄ =
Z
dt
Z

d
3
xN
p
h
 
K
ij
K
ij
 K
2
+
(3)
R[h
ij
℄  2

+ :::
:::+ surfae terms ;
(2:5:12)
where K is the trae of the extrinsi urvature (K = K
i
i
) and
(3)
R is the salar
urvature of the hypersurfae . Note that in (2.5.12) we have negleted a surfae
term arising from the integration by parts in (2.5.10).
27
This is perfetly legiti-
mate in order to obtain a genuine ation priniple. However, surfae terms play
a very important role in the alulation of S
EH
(for example when we ompute
the probability amplitude for a baby universe formation or when we deal with
asymptoti quantities).
28
For instane, for asymptotially at metris (2.5.10)
must be substituted by
S
GR
[g

℄ =
Z
M
d
4
x
p
 g [R[g

℄  2℄ + 2
Z
M
d
3
x
p
h (K  K
0
) : (2:5:13)
The rst ontribution to the surfae integral makes the ation stationary under
arbitrary variations of the metri when the variation of the latter is xed on the
boundary M. K
0
is the seond fundamental form of the asymptoti hyper-
surfae embedded in at spae and must be introdued to remove the innite
ontribution oming from the asymptoti region.
29
The anonial analysis of (2.5.12) now proeeds as follows. Dene via a Leg-
endre transformation the onjugate momenta of variables in the ation. Note
that in (2.5.12) time derivatives of N and N
i
do not appear. So the onjugate
momenta vanish identially

N
= 0 ; ~
~
N
= 0 : (2:5:14)
Hene, the lapse funtion and the shift vetor are non-dynamial variables. The
onjugate momenta to h
ij
are

ij
=  
p
h
 
K
ij
  h
ij
K

: (2:5:15)
27
See for instane York (1972) and Gibbons and Hawking (1977).
28
For a deeper disussion on the role of surfae terms, see Teitelboim and Regge (1974).
29
See for instane Hawking (1979).
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As a onsequene of the non-dynamial nature of the lapse funtion and shift
vetor, the Legendre-transformed ation beomes
S
EH
=
Z
dt
Z

d
3
x(
ij
_
h
ij
 NH N
i
H
i
) ; (2:5:16)
whereH andH
i
are respetively the super-Hamiltonian and the super-momentum
generators
H = H
ijkl

ij

kl
 
p
h
 
(3)
R  2

; (2.5.17a)
H
i
=  2
i
j
jj
: (2.5.17b)
Here
H
ijkl
=
1
2
p
h
(h
ik
h
jl
+ h
il
h
jk
  h
ij
h
kl
) (2:5:18)
is the metri on the spae of all three-metris (DeWitt supermetri).
From (2.5.16) we see that N and N
i
are Lagrange multipliers. They enfore
the onstraints
H = 0 ; (2.5.19a)
H
i
= 0 ; (2.5.19b)
that are alled the super-Hamiltonian onstraint and the super-momentum on-
straint respetively. Finally, we have the Hamiltonian equations of motion for h
ij
and 
ij
_
h
ij
=
ÆH
E
Æ
ij
; (2.5.20a)
_
ij
=  
ÆH
E
Æh
ij
; (2.5.20b)
where
H
E
=
Z

d
3
x
 
NH+N
i
H
i

(2:5:21)
is the extended Hamiltonian of the system. The equation (2.5.20a) an be inverted
and oinides with the denition of the extrinsi urvature (2.5.11,15). The equa-
tions (2.5.20b) together with the super-Hamiltonian and the super-momentum
onstraints are ompletely equivalent to the Einstein equations when the spae-
time manifold M is ompatible with the foliation (2.5.2).
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The lassial anonial algebra is given by the Poisson brakets
[h
ij
(x); h
kl
(x
0
)℄
P
= 0 ;
[
ij
(x); 
kl
(x
0
)℄
P
= 0 ;
[h
ij
(x); 
kl
(x
0
)℄
P
=
Æ(x; x
0
)
2
(Æ
k
i
Æ
l
j
+ Æ
k
j
Æ
l
i
) :
(2:5:22)
30
For details see Isham (1992); Fisher and Marsden (1979).
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However, not all the phase spae variables of the system are independent, beause
of the onstraints (2.5.19). The set of onstraints is rst-lass, i.e. the algebra of
Poisson brakets of the onstraints is losed. Indeed
[H(x);H(x
0
)℄
P
=
 
h
ij
(x)H
i
(x)
(x
0
)
j
  h
ij
(x
0
)H
i
(x
0
)
(x)
j

Æ(x; x
0
) ;
[H
i
(x);H(x
0
)℄
P
= H(x)
(x)
i
Æ(x; x
0
) ;
[H
i
(x);H
j
(x
0
)℄
P
=
 
H
i
(x
0
)
(x)
j
 H
j
(x)
(x
0
)
i

Æ(x; x
0
) :
(2:5:23)
From (2.5.23) it is straightforward to show (see for instane Isham, 1992) that
the rst term of the Hamiltonian (2.5.21) an be interpreted as the generator of
the deformations of the hypersurfae  normal to itself and the seond term as
the generator of spatial dieomorphisms. This is a onsequene of the spae and
time reparametrisation invarianes of general relativity.
The anonial struture that we have developed up to now is the starting point
of the anonial quantisation of the gravitational eld. We have seen that the
anonial treatment of general relativity leads to a theory endowed with gauge
invarianes and rst-lass onstraints. So the quantisation of theories of this kind
requires the areful analysis illustrated in the previous setions. Indeed, the non-
dynamial variables of the system must be removed and the physial degrees of
freedom isolated. The ompletion of this program is perhaps an impossible task
in the general ase, at least in the standard anonial formalism. The possibility
to simplify the anonial struture of the gravitational eld is at the basis of the
Ashtekar programme (see Ashtekar, 1994).
2.5.a Dira Quantisation of Gravity.
Even though the quantisation of the gravitational eld seems far to be ahieved,
gravity an be formally quantised using both the Dira and redued approahes.
So let us disuss how anonial gravity an be formally quantised. In this sub-
setion we will deal with the Dira method. The next subsetion is devoted to
the redued method.
We have seen in set. [2.3℄ that the rst step in the Dira quantisation proe-
dure is the imposition of formal Heisenberg ommutators in the (unonstrained)
phase spae. By the usual proedure from (2.5.22) we write
[
^
h
ij
(x);
^
h
kl
(x
0
)℄ = 0 ;
[^
ij
(x); ^
kl
(x
0
)℄ = 0 ;
[
^
h
ij
(x); ^
kl
(x
0
)℄ = i
Æ(x; x
0
)
2
(Æ
k
i
Æ
l
j
+ Æ
k
j
Æ
l
i
) :
(2:5:24)
The operators in (2.5.24) are obviously dened on the three-dimensional mani-
fold . In order to implement the quantisation algorithm the hoie (2.5.24) is not
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unique. For instane the ommutation relations (2.5.24) an be slightly hanged
in order to take into aount at the quantum level that the lassial three-metri
h
ij
is positive dened.
31
However, in our appliations we will onsider only the
hoie (2.5.24).
In order to implement the Dira proedure, the rst problem we meet is the
hoie of the representation for the quantum operators in (2.5.24). The hoie of
the measure in superspae and the hoie of the variables to be used for the wave
funtions are related problems. We will see in hapt. 5 that the invariane under
gauge and rigid transformations in superspae may suggest a reipe to solve these
problems, at least for simple redued models, as those investigated there.
32
The Dira quantisation an be implemented promoting the onstraints to fun-
tional operators ating on wave funtions dened in a suitable spae. Identifying
the lassial three-metri h
ij
and the lassial momenta 
ij
dened in (2.5.15)
with the funtional operators
33
^
h
ij
(x)! h
ij
(x) ; (2.5.25a)
^
ij
(x)!  i
Æ
Æh
ij
(x)
; (2.5.25b)
the super-Hamiltonian onstraint (2.5.19a) beomes the Wheeler-DeWitt equa-
tion (Wheeler, 1968; DeWitt, 1967)

H
ijkl
Æ
2
Æh
ij
Æh
kl
+
p
h
 
(3)
R  2


	(h
ij
) = 0 ; (2:5:26)
where we have suppressed the funtional dependene on the spae variables x.
In (2.5.26) 	 represents the o-gauge shell wave funtion of the system. As
stressed above, eq. (2.5.26) is dened apart from fator ordering ambiguities.
From the super-momentum onstraints (2.5.19b) we obtain the super-momentum
onstraint equations
 2

Æ
Æh
ij

jj
	(h
ij
) = 0 : (2:5:27)
From the lassial meaning of (2.5.19b) we see that eqs. (2.5.27) enfore the
invariane of wave funtions under spatial dieomorphisms. This means that 	
is only a funtional of the three-geometry and not of the partiular three-metri
h
ij
.
31
See for instane Isham (1992).
32
Other problems that arise in the Dira approah onern the validity of the algebra
(2.5.23) at quantum level and the self-adjointness of the super-Hamiltonian and super-
momentum onstraints. For the disussion, see Isham (1992).
33
For the moment we neglet fator ordering and representation problems.
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At this point one ould in priniple reover the Hilbert spae of states by
xing the gauge and reduing the system to the physial degrees of freedom.
34
The diÆulty in the implementation of the gauge xing lies in the identiation
of the gauge xing identities and is usually surmounted by reduing the original
system to a nite number of degrees of freedom (minisuperspae model). We
would like to stress that the gauge xing implementation is a neessary step in
order to reover the dynamial evolution of the system from the Wheeler-DeWitt
equation beause time evolution is \hidden" in eq. (2.5.26).
2.5.b Redued Quantisation of Gravity.
Let us now briey disuss how the redution proedure of quantisation desribed
in set. [2.3℄ an be implemented, at least formally, for the gravitational eld.
35
In the redued approah to quantisation, the physial degrees of freedom must
be identied before the appliation of the quantisation algorithm. This an be
performed by a anonial transformation. So the rst step is to dene the anon-
ial transformation
(h
ij
; 
ij
)! (W
a
; Z
b
;w
r
; z
s
) ; (2:5:28)
where a; b = 1; :::4, r; s = 1; 2, and the only non-zero Poisson brakets are
[W
a
(x); Z
b
(x
0
)℄
P
= Æ
ab
Æ(x; x
0
) ; [w
r
(x); z
s
(x
0
)℄
P
= Æ
rs
Æ(x; x
0
) : (2:5:29)
In (2.5.28,29) the quantities fW
a
; Z
b
g and fw
r
; z
s
g identify the four anonial
unphysial degrees of freedom (per spae point) and the two physial ones respe-
tively. The system an then be redued using the proedure illustrated in set.
[2.3℄ imposing for instane the four gauge identities
F
a
(h
ij
; 
ij
;x; t)  W
a
(h
ij
; 
ij
;x)  f
a
(x; t) = 0 ; (2:5:30)
where f
a
are four given funtions of the spaetime oordinates. The system is
then redued on the gauge shell and one obtains an eetive Hamiltonian that
is funtion only of the physial variables. The system an be quantised on the
gauge shell imposing the formal ommutator relations
[w^
r
(x); z^
s
(x
0
)℄ = iÆ
rs
Æ(x; x
0
) ; (2:5:31)
or writing the Shrodinger equation analogue to (2.3.16).
As stressed above, the main problem in the redued quantisation proedure
for the gravitational eld is that one does not know how to solve the super-
Hamiltonian and the super-momentum onstraints in a losed form, or, in other
34
Indeed the quantum system has only two physial degrees of freedom (per spae
point), orresponding to the dimension of the phase spae (six) minus the number of
rst-lass onstraints (four).
35
For a deep disussion, see Hanson, Regge, and Teitelboim (1976).
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words, how to write expliitly the global anonial transformation (2.5.28). Fur-
ther, sine the gauge xing identities are highly non-linear, quantisation in dif-
ferent gauges may produe dierent quantum theories. We will see that for the
simple (minisuperspae) models disussed in the following hapters, these prob-
lems an be solved.
2.6 Minisuperspae Models and Denition of Time.
We have seen in the previous setion that the anonial quantisation of the grav-
itational eld is far from being ompleted. However, something an be said if
one imposes by hand some additional onstraints to the theory. For instane, one
an onsider gravity in lower dimensions (see for instane Carlip, 1995; Monrief,
1990; Menotti, 1996), or restrit oneself to manifolds endowed with a suitable
group of symmetries. In the latter ase, the implementation of additional spae-
time symmetries an be formally obtained by reduing the degrees of freedom
of the theory. As a onsequene, by retaining only a nite number of degrees
of freedom the quantum eld theory redues to quantum mehanis and within
this framework typial problems due to the eld nature of the system, for ex-
ample anomalies, disappear. Further, other oneptual problems (denition of
time, Hilbert spae of states,...) an be suessful investigated, at least for simple
models.
In this setion attention is foused on minisuperspae models. In partiular
we will see how the problem of time an be addressed in this framework.
36
Sine
the identiation of time an be naturally disussed in the redued method, this
setion will be essentially devoted to the lassial redution of minisuperspae
models using Coulomb-like gauges (see set. [2.3℄).
37
The dynamis of a minisuperpae model is expressed by the ation
S =
Z
t
2
t
1
dt fp
i
_q
i
 H
E
(q
i
; p
i
)g ; i = 0; :::N
an
  1 : (2:6:1)
where the phase spae variables fq
i
; p
i
g represent matter and gravitational de-
grees of freedom. The ation (2.6.1) has been obtained from (2.5.10) by imposing
36
The origin of the so-alled problem of time follows from the fat that the rst-lass
Hamiltonian for general relativity is identially zero, due to general ovariane. The
evolution of the system is then \hidden" entirely in the onstraints: in other words,
\onstraints generate dynamis". The problem of time is the problem of reovering
a suitable parameter to desribe evolution. See for instane Kuhar (1992); Barbour
(1994a, 1994b).
37
Not all minisuperspae models admit a global time (see Hajek, 1986). The existene
of a global parameter to desribe evolution depends on the geometry of the sympleti
spae and thus is stritly related to the model under onsideration.
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some suitable ansatz for the metri tensor g

.
38
The usual type of trunation
for the metri is of the form
ds
2
=  N
2
(t)dt
2
+ h
ab
(x
a
; q
i
(t))dx
a
dx
b
; (2:6:2)
where the lapse funtion and the set of parameters q
i
depend only on time t. The
set of parameters q
i
labels the redued spae (minisuperspae). Inserting (2.6.2)
in (2.5.10) and integrating over surfaes at onstant t one obtains (2.6.1).
The Lagrangian (2.6.1) is of the generally ovariant type (see set. [2.2℄) and
thus is invariant (up to a total t-derivative) under the innitesimal gauge trans-
formation (2.2.5). We have stressed in set. [2.2℄ that the gauge invariane of
the anonial equations orresponds to the invariane of the Lagrange equations
under t-reparametrisation. The Lagrange multiplier u is analogous to the gauge
potential and enfores the vanishing of the Hamiltonian. So the extended Hamil-
tonian for minisuperspae models will ontain only the onstraint (see set. [2.2℄)
H
E
 u(t)H(q
i
; p
i
) ; H = 0 : (2:6:3)
Hene, the models desribed by (2.6.1) have lose similarity to the dynamis of
the free relativisti partile (see set. [2.4℄) or to the dynamis of the relativisti
harmoni osillator. The system an thus be quantised along the lines of set.
[2.3℄. In this setion we will restrit our disussion to the (lassial) issue of
the denition of time in these models, in view of the appliation to quantum
osmology that will be investigated in hapt. 4.
We an eliminate redundany introduing the dynamial way of xing the
gauge disussed in set. [2.3℄, i.e. a relationship between anonial variables and
time
F (q; p; t) = 0 (2:6:4)
(Coulomb-like gauge). This allows us to determine time as a funtion of anonial
variables. Let us see this proedure in detail. Dene a anonial transformation
P
i
= p
i
  f
i
(q
j
; t) ; (2.6.5a)
Q
i
= q
i
: (2.6.5b)
(the roles of the p's and q's may be interhanged of ourse). From the Poisson
identity [P
i
; P
j
℄
P
= 0 follows, at least loally, that f
i
= =q
i
f(q
j
; t). In this
setion we will denote partial dierentiations by ommas. Then we have
p
i
_q
i
= P
i
_
Q
i
  f
;t
(Q
j
; t) +
d
dt
f(Q
j
; t) : (2:6:6)
38
...and obviously a similar ansatz for matter degrees of freedom. In this ase we have
to onsider also additional matter ontributions in the ation (2.5.10).
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Now let us introdue the gauge-xing ondition (2.3.1, 2.6.4) in the form
P
0
= 0 : (2:6:7)
Note that the Poisson braket of the gauge-xing funtion and the onstraint,
[P
0
; H℄
P
, must not be (weakly) zero. The funtion f must depend expliitly on
t in order that the proedure works (and ompletely determines the Lagrange
multiplier). Now the system has two onstraints of seond-lass, P
0
= 0 and H =
0. The variable Q
0
onjugate to P
0
is xed by the onstraint: Q
0
= Q

(Q

; P

; t),
where  = 1; :::N
an
  1 and Q

is obtained from

H
 
Q
0
; Q

; p
0
= f
;Q
0
(Q
0
; Q

; t); P

+ f
;Q


Q
0
=Q

= 0 : (2:6:8)
The system is now on the gauge shell, the 2(N
an
  1)-hypersurfae in the 2N
an
-
phase spae (Q
i
; P
i
) dened by
P
0
= 0; Q
0
= Q

(Q

; P

; t) : (2:6:9)
The eetive Lagrangian in the (Q

; P

) setor is obtained from (2.6.1,3) using
(2.6.6), (2.6.7), and (2.6.9). Negleting a total derivative we have
L
e
= L[P
0
= 0; Q
0
= Q

℄ = P

_
Q

 H
e
(Q

; P

; t) ; (2:6:10)
where the eetive Hamiltonian on the gauge shell is
H
e
(Q

; P

; t) = f
;t
 
Q

; Q

; t

: (2:6:11)
The eetive Hamiltonian is in general time-dependent. One an hek that the
anonial equations
_
Q

=
H
e
P

; (2.6.12a)
_
P

=  
H
e
Q

; (2.6.12b)
are equivalent to the original anonial system using (2.6.8) and (2.6.14) (see
below).
Finally, for onsisteny with the gauge-xing ondition (2.6.7) we require also
_
P
0
= 0 : (2:6:13)
This determines the expression for the Lagrange multiplier:
u(t) =  

f
;tq
0
H
;q
0
+ f
;q
0
q
i
H
;p
i

q
0
=Q

p
i
=f
i
: (2:6:14)
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In general the expression (2.6.14) an be ompliated, however this does not
neessarily onern us: the important fat is that the gauge-xing of the form
(2.6.7) determines u(t). The problem of the motion is thus redued to the task
of determining the gauge funtion f(q
i
; t).
Time is thus determined by the gauge-xing ondition to be a funtion of the
variables q
i
and p
i
from the ondition P
0
= 0. For the relativisti partile we
have seen that often t turns out to be a funtion only of a ouple of anonial
variables p
0
; q
0
, thus a single degree of freedom denes the time in that gauge.
This is an interesting situation. A partiular situation ours when t depends
only on q
0
or p
0
. This allows identiation of time in that gauge with a anonial
oordinate of immediate physial relevane. Obviously this ase is not in general
possible. Further, the eetive Hamiltonian an beome highly not polynomial
and after the identiation of time with a degree of freedom H
e
is in general
time-dependent.
When t depends only on q
0
or p
0
it is straightforward to show that time
determined by the gauge-xing is a global time. Suppose for simpliity that the
gauge-xing is of the form (2.4.16) (x
0
! q
0
); in this ase it is straightforward to
verify that the Hamiltonian vetor eld is (using the notations of Hajek, 1986):
H
A
= u(H
;p
0
; H
;p

; H
;q
0
; H
;q

) : (2:6:15)
Then, onsidering the projetion of (2.6.15) on the onguration spae we obtain
that t is a global time if and only if the ondition
uH
;p
0
> 0 (2:6:16)
holds. But (2.6.16) is ertainly true beause u is xed by the gauge:
u =
1
H
;p
0
: (2:6:17)
When t does not depend only on q
0
or p
0
, one an perform in priniple a anonial
transformation reduing to the previous ase.
39
Clearly, u determines the range
in whih anonial variables are dened.
To onlude this disussion, let us spend some words on the usually alled
intrinsi and extrinsi times. In the literature, the intrinsi time is dened as a
funtion only of the three-metri h
ij
, i.e. in our minisuperspae models
t  t(q
i
) : (2:6:18)
39
If this is not possible a global time annot be dened. Thus the existene of a global
time is related to the integrability properties of the model (see [2.3.℄).
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Conversely, the extrinsi time depends not only on the rst fundamental form h
ij
but also on the extrinsi urvature. In minisuperspae models we write
t  t(q
i
; p
i
) : (2:6:19)
In our general approah the above distintion disappears. From the general theory
of gauge xing (see set. [2.3℄) we know that the dierene between (2.6.18) and
(2.6.19) is purely philosophial. Note that time an also be dened using matter
(non-gravitational) degrees of freedom.
3Minisuperspaes in Eulidean
Quantum Gravity: Wormholes
In the last setion of the previous hapter we have introdued minisuperspae
models essentially as a rude approximation of general relativity. In this hap-
ter and in the following ones we will see how minisuperspae models an be
suessfully used to obtain lassial and quantum desriptions of well-dened
gravitational systems, as wormholes, blak holes, and the early universe.
The urrent hapter is devoted to minisuperspae models in Eulidean quan-
tum gravity. In the rst setion I shall present briey the Eulidean quantum
gravity approah and introdue wormholes. Wormholes are indeed the most strik-
ing example of minisuperspae models in Eulidean gravity. In the seond setion
I shall illustrate the onsiderations of set. [3.1℄ by a model of wormhole gener-
ated by the eletromagneti eld. Set. [3.3℄ deals with the generalisation of the
model to string theory. Finally, the quantisation of the model is ompleted in
set. [3.4℄. We will see from this partiular example that minisuperspae models
allow to obtain interesting results about tunnelling proesses in quantum gravity
and open the way to interesting speulations on the nature of singularities in
general relativity.
The ontent of Sets. [3.2-4℄ is original work done by the author in ollabo-
ration with Prof. Vittorio de Alfaro (Universita di Torino), Prof. Fernando de
Felie (Universita di Padova), and Dr. Mariano Cadoni (Universita di Cagliari)
(see Cavaglia, de Alfaro, and de Felie, 1994; Cavaglia, 1994a, 1994b; Cadoni and
Cavaglia, 1995a, 1995b).
3.1 Eulidean Gravity, Path-integral Approah and Wormholes.
The starting point of the Eulidean quantum gravity approah is the observation
that the Hawking result on blak hole radiane an be derived using thermal
Green funtions (Gibbons and Perry, 1987). In the usual quantum eld theory,
thermal Green funtions are related to the omplexiation of time; the partition
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funtion of a thermodynamial system is formally obtained by the Wik rotation
t! it in the path-integral.
Let us see briey this point. Consider a quantum mehanial system with
a single degree of freedom. Let fq; pg the phase spae oordinates and H the
Hamiltonian. At any time the system is desribed by the spetrum ofH. Let q
1

q(t
1
) and q
2
 q(t
2
), where t
2
> t
1
. The amplitude to go from the onguration
q
1
to the onguration q
2
is given by (see for instane Ramond, 1989; Feynman
and Hibbs, 1965)
< q
2
jq
1
>=< q
2
j exp( iH(t
2
  t
1
))jq
1
>=
Z
D[q℄D[p℄e
iS[p;q℄
; (3:1:1)
where
S =
Z
t
2
t
1
dt [p _q  H(q; p)℄ (3:1:2)
is the ation of the system. The funtional integration in (3.1.1) is over all
possible paths in phase spae with xed values of the oordinate q at the end
points q(t
1
) = q
1
and q(t
2
) = q
2
.
Comparing (3.1.1) with the expression of the partition funtion for the same
system at temperature T
Z = tr e
 H=T
=
X
q
< qj exp( H=T )jq > ; (3:1:3)
it is straightforward to see that (3.1.1) and (3.1.3) oinide if the time separation
in (3.1.1) is taken to be pure imaginary (Wik rotation: i(t
2
  t
1
) = 1=T ) and
the ongurations q
1
and q
2
oinide. Thus the partition funtion of the system
at temperature T is given by a path-integral where the funtional integration is
over the spae of periodi funtions with period T
 1
.
The Hawking result that blak holes produe a thermal emission with a tem-
perature T = 1=8M (Hawking, 1975) an be easily derived by notiing that the
Eulidean-Shwarzshild blak hole solution is periodi with period 8M . This
analogy suggests to dene in gravitational theory the funtional (see Hawking,
1979)
	(boundary) =
Z
C
D[g

℄D['℄e
 S
E
[g

;'℄
; (3:1:4)
where g

is the positive-denite metri tensor dened on Riemannian manifolds,
C, ' represents the matter elds, and S
E
is the Eulidean ation for gravity plus
matter elds. Eq. (3.1.4) is the basis of the Eulidean quantum gravity approah.
1
1
The generalisation of the onstrution developed in set. [2.5℄ to the Eulidean ase
is straightforward.
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Starting from (3.1.4) one an prove that the wave funtional 	 satises, at
least formally, the Wheeler-DeWitt equation (2.5.26).
2
One of the main problems of this approah is that the funtional measure in
(3.1.4) is not mathematially well-dened, so one does not know how to evaluate
the path-integral. A seond important diÆulty in giving a physial meaning
to (3.1.4) is that the Eulidean gravitational ation S
E
is not positive-denite.
Further, it is not obvious how to relate the Eulidean and the Lorentzian regimes
sine in general a real hyperboli metri annot be made Riemannian (and real)
by a omplexiation proedure or vieversa. In other words, there is not a
one-to-one relation between Riemannian and hyperboli metris: a given real
four-dimensional hyperboli metri has not in general a real and positive-denite
setion in the omplexied spaetime (and vieversa). Finally, it is not lear what
boundary onditions have to be imposed in (3.1.4).
3
In spite of these mathemathial problems, the path-integral approah has
stimulated a great deal of work. A great amount of attention has been devoted
to approximations of (3.1.4): saddle-point and one-loop approximations (see for
instane Esposito, 1993). The saddle-point approximation has been widely used
for the study of gravitational istantons. Further, the funtional integral (3.1.4)
is the basis for the so-alled wave funtion of the universe of Hartle and Hawk-
ing (1983).
4
We will see below that wormholes in semilassial approximation
are desribed by gravitational instantons whose probability of formation an be
alulated from (3.1.4).
The Eulidean quantum gravity is the arena for the investigation of worm-
holes. Semilassially, wormholes in dilute approximation
5
are lassial Eulidean
solutions for the gravitational eld oupled to matter or gauge elds, that asymp-
totially onnet two four-dimensional manifolds (see for instane Hawking and
Page, 1990; Carlini, 1991); they are interpreted as tunnelling proesses between
the two asymptoti ongurations, namely as instantons
6
joining two at (or
asymptotially at) regions dened by  ! 1, where  is the Eulidean time.
Hene, they an be seen as the saddle point approximations of (3.1.4) with par-
tiular boundary onditions that identify the asymptotially at behaviour. The
exponential of the ation integrated on the solution gives the semilassial prob-
ability amplitude for the wormhole formation per Plank volume and per Plank
time.
2
Of ourse matter ontributions must be inluded in (2.5.26). See for instane Halli-
well and Hartle (1991).
3
For a deeper disussion of the meaning of the funtional approah to quantum grav-
ity, see Esposito (1992, 1993), Ashtekar (1991), and Hawking (1979).
4
See hapt. 4.
5
I.e. we neglet in rst approximation interations between wormholes.
6
See Coleman, 1977.
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If a wormhole an be ontinued into a hyperboli universe whose spatial three-
dimensional hypersurfae is ompat the Eulidean solution an be interpreted
as nuleating a baby universe from an asymptoti region and gives the semilas-
sial amplitude for reating a disonneted losed universe in that spae.
7
The
baby universe then evolves aording to its equations of motion (Hawking, 1990a;
1990b).
In the last years, a large amount of attention has been devoted to expliit
wormhole solutions.
8
However, in order to alulate the eetive interations
aused by wormholes, one needs to go beyond the semilassial desription. In
the quantum framework wormholes are dened as non-singular solutions of the
Wheeler-DeWitt equation with boundary onditions whih identify the asymptot-
ially at spae (Hawking and Page, 1990). So let us onlude this introdution
dening boundary onditions in (3.1.4) that determine wormhole wave funtions.
Following Hawking and Page (1990) we dene quantum wormholes as non-
singular solutions of the Wheeler-DeWitt equation and onstraints (see set. [2.5℄)
that for large three-metris redue to the vauum wave funtion. The latter is
dened by a path-integral (3.1.4) over all asymptotially Eulidean metris C (not
neessarily R
4
, depending on topology of the spae) and matter elds vanishing
at innity. Now C in (3.1.4) represents the lass of three-metris and matter elds
whih satisfy the onditions
h
ij
(x; ) =
~
h
ij
, (x; ) =
~
, (3.1.5a)
(x;1) = 0, h
ij
(x;1) = h
1
. (3.1.5b)
In (3.1.5b) h
1
is the asymptoti three-metri orresponding to the spae with
minimal gravitational exitation (Garay, 1991). Evaluating the path-integral in
the asymptoti limit, we obtain the asymptoti behaviour of the wormhole wave
funtion (see for instane Garay, 1991; Cavaglia, 1994b)
	(
~
h
ij
)  exp

Z
d
3
x
ij
h
ij


; (3:1:6)
Finally, (3.1.5) and (3.1.6) are the boundary onditions whih identify the worm-
hole wave funtions.
7
The analiti ontinuation is performed at the extremal ongurations of the solution,
namely where the extrinsi urvature of the three-surfae at onstant Eulidean time is
vanishing.
8
See for instane Giddings and Strominger (1988); Myers (1988); Halliwell and La-
amme (1989); Coule and Maeda (1990); Hawking (1987); Hosoya and Ogura (1989);
Keay and Laamme (1989); and Carlini (1991).
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3.2 An Example: Kantowski-Sahs Eletromagneti Wormholes.
As a remarkable example of the ideas illustrated in the previous setion, let us
disuss a wormhole generated by the oupling of gravity to the eletromagneti
eld.
9
3.2.a Eulidean Solution as Tunnelling in Time.
Let us onsider the Eulidean ation for gravity minimally oupled to the ele-
tromagneti eld:
10
S
E
=
Z
M
d
4
x
p
g [ R+ 2 + "F

F

℄   2
Z
M
d
3
x
p
h (K  K
0
) : (3:2:1)
where M is now a Riemannian four-dimensional manifold, F

is the usual ele-
tromagneti eld tensor, and " = 1.
11
Now, we look for a solution of the form
12
ds
2
= N
2
()d
2
+ a
2
()d
2
+ b
2
()d

2
2
; (3:2:2)
where  is the oordinate of the one-sphere, 0   < 2 and d

2
2
represents the
line element of the two-sphere. The line element (3.2.2) is known as the Eulidean
Kantowski-Sahs type (Kompaneets and Chernov, 1964; Kantowski and Sahs,
1966) and desribes a R  spae, where  is a three-dimensional homogeneus
and non-isotropi hypersurfae with topology S
1
S
2
. Sine we are interested in
the omputation of the lassial solution, let us hoose for the moment N() = 1.
This orresponds to break the  -reparametrisation invariane of the ation.
13
Let us rst disuss the ase of vanishing osmologial onstant. The ansatz for
the eletromagneti eld must be hosen aording to the symmetry of (3.2.2).
We hoose the potential one-form
A = A() d : (3:2:3)
9
Reently wormholes generated by oupling of gravity to abelian and non-abelian
gauge elds have raised a great interest. See for instane Dzhunushaliev (1996) and
referenes therein.
10
The overall hange of sign with respet to (2.5.13) is due to usual onventions for
Riemannian spaes.
11
The sign of " is xed by the request that a real eletromagneti eld in the hyperboli
spae remains real when rotated in the Eulidean spae. See for instane Cadoni and
Cavaglia (1995a). The disussion about the Eulidean formulation of the Maxwell theory
an also be found in Brill (1992).
12
Here and throughout this hapter t represents the Lorentzian time and  the Eu-
lidean time.
13
Note the dierene with set. [3.4℄ where we shall deal with the Hamiltonian formal-
ism and -reparametrisation invariant ations.
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The only non-vanishing omponent of the eletromagneti eld is thus along the
 diretion. Note that the equations of motion for the eletromagneti eld are


(
p
gF

) = 0 : (3:2:4)
Sine the right-hand side of (3.2.4) is zero, there are no physial harges in the
spae. This will be useful later. Solving the equations of motion for the ansatz
(3.2.2) and (3.2.3) one reovers after some algebra the general solution (Cavaglia,
de Alfaro, and de Felie, 1994)
ds
2
= d
2
+

Q
2

2
Q
2
+ 
2
d
2
+ (Q
2
+ 
2
)d

2
2
; (3.2.5a)
A() =  

QQ
p
Q
2
+ 
2
: (3.2.5b)
where Q and

Q are integration onstants with dimension of length. In the fol-
lowing we will set

Q = Q.
Let us now study the asymptoti behaviour of (3.2.5a) to disuss the wormhole
interpretation of the solution. We have seen in the previous setion that the line
element must beome asymptotially at in the Eulidean time  in order to be
interpreted as a wormhole. When  ! 1, the metri (3.2.5a) beomes
ds
2
= d
2
+Q
2
d
2
+ 
2
d

2
2
: (3:2:6)
Clearly the spae beomes at with topology R
3
 S
1
. At  = 0 the metri is
singular. However, this singularity is due to the hoie of the oordinates that
over only half of the manifold. Indeed, in the neighbourhood of  = 0, (3.2.5a)
beomes
ds
2
= d
2
+ 
2
d
2
+Q
2
d

2
2
: (3:2:7)
The singularity at  = 0 an thus be removed going to Cartesian oordinates in
the (t; ) plane. This partiular ase has been lassied by Gibbons and Hawking
(1979) as a \bolt" singularity. In this ase in the neighbourhood of  = 0 the
topology is loally R
2
S
2
with R
2
ontrating to zero as  ! 0. The oordinate
nature of the singularity an be proved also by nding a new set of variables suh
that the whole Eulidean spae is represented by a single hart. Let us dene
 = Q tan

2
; (3:2:8)
where  is dened in the interval ( ; ). Introdue the new oordinates
u =
1  os

2
sin

2
e
1= os

2
os ; (3.2.9a)
v =
1  os

2
sin

2
e
1= os

2
sin : (3.2.9b)
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Using u and v, the line element beomes
ds
2
= Q
2

1 +
Q
p

2
+Q
2

2
e
 2
p

2
+Q
2
=Q
(du
2
+ dv
2
) + (Q
2
+ 
2
)d

2
2
: (3:2:10)
Sine
u
2
+ v
2
=
1  os

2
1 + os

2
e
2= os

2
; (3.2.11a)
v
u
= tan ; (3.2.11b)
the geodesis at onstant  are the straight lines passing through the origin while
the geodesis at xed  are irles of radius
r =
v
u
u
t
1  os

2
1 + os

2
e
1= os

2
: (3:2:12)
Let us now disuss the interpretation of the solution. The Eulidean instanton
(3.2.5) an be joined to a real, Lorentzian-signature universe that is the \boune"
solution of the gravitational tunnelling. To nd the hyperboli metri desribing
the tunnelled spaetime, we have to investigate hyperboli solutions of the oupled
gravity and eletromagneti elds with the same symmetry as just disussed in
the Eulidean ase. We nd
ds
2
=  dt
2
+

Q
2
sin
2

t
Q

d
2
+Q
2
d

2
2
; (3.2.13a)
A(t) =  

Q os

t
Q

: (3.2.13b)
Here, as before, the topology is R  , t 2 R, and we will set

Q = Q. A simple
analysis shows that the line element (3.2.13a) desribes a non-isotropi universe
with a onstant two-sphere radius and a periodi one-sphere sale fator taking
values in the interval [0; Q℄. In the neighbourhood of t = 0 the line element
(3.2.13a) redues to the form
ds
2
=  dt
2
+ t
2
d
2
+Q
2
d

2
2
: (3:2:14)
The eletromagneti eld is well-dened for all values of the time. Analogously
to the Eulidean ase (3.2.5a), the singularity at t = 0 an be removed; the
urvature tensor is regular there even if at t = 0 the physial size in  is zero.
Indeed, in the neighbourhood of t = 0 the topology is loally M
2
 S
2
and
the three-dimensional spatial hypersurfae  of (3.2.13a), beomes homotopi
to S
2
and a point. The metri (3.2.13a) desribes a universe that periodially
reprodues itself with period Q.
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The interpretation of the Eulidean instanton is related to the joining of (3.2.5)
to the hyperboli solution (3.2.13). The joining must obviously take plae at
 = 0, t = 0 where both the Eulidean and the hyperboli solutions beome
extremal. Let us see this point in detail. Solution (3.2.5) with  2 R
 
and
(3.2.13) with t 2 R
+
satisfy the Darmois onditions for hange of signature at
 = 0, t = 0 (see for instane Ellis and Piotrkowska, 1994) sine
i) the rst and seond fundamental forms of the three-dimensional hypersurfaes
 in (3.2.5a) and (3.2.13a) are well-dened and oinide smoothly for  ! 0
 
,
t! 0
+
;
ii) the eletromagneti eld is ontinuous with its derivative on the hypersurfae
 = 0, t = 0, where the hange of signature ours.
The eletromagneti eld is well-behaved on the mathing hypersurfae  = 0,
t = 0 beause both the Eulidean and the hyperboli manifolds are well-dened
there. The regularity of the solution (3.2.5) and its asymptoti behaviour for
 ! 1 (where the eletromagneti eld vanishes) allow us to interpret that
solution as desribing a tunnelling between a at vauum Lorentzian spaetime
and the spaetime desribed by the solution (3.2.13). Hene, the Eulidean so-
lution (3.2.5) desribes the nuleation of a non-isotropi baby universe starting
from an original at spaetime. The baby universe is nuleated in the phase of
maximum shrinkage of the spatial three-metri.
To omplete the disussion we must ompute the probability amplitude for
the formation of the baby universe. This an be performed at the semilassial
level evaluating the Eulidean path-integral of the set. [3.1℄ on the saddle point.
In the semilassial approximation, the probability amplitude in a Plank volume
and in a Plank time is given by (Vilenkin, 1984, 1988; Rubakov, 1984)
 
BU
= e
 j

S
E
j
; (3:2:15)
where

S
E
represents the Eulidean ation evaluated on the solutions of the las-
sial equations of motion. Integrating the Eulidean ation (3.2.1), we obtain

S
E
= M
2
Pl
Q
2
; (3:2:16)
where we have restored the Plank mass for larity. The probability of formation
of a baby universe in a Plank volume and in a Plank time is thus given by
 
BU
= exp ( M
2
Pl
Q
2
) : (3:2:17)
In order to have a probability of the order of unity, the onstant Q appearing in
the solution must satisfy the ondition Q
2
 M
 2
Pl
. The nuleation probability
is thus maximal for baby universes with dimensions of the order of the Plank
lenght.
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The above results an be easily generalised to the ase of non-vanishing os-
mologial onstant (Cavaglia, de Alfaro, and de Felie, 1994). Let us review
briey the formulae. Introduing for onveniene a new Eulidean time oordi-
nate b  b(), the general solution is given by
ds
2
=
b
2
b
4
+ b
2
 Q
2
db
2
+

Q
2
b
4
+ b
2
 Q
2
b
2
d
2
+ b
2
d

2
2
; (3.2.18a)
A(b) =  

Q
Q
b
; (3.2.18b)
where  =  =3. The solution (3.2.18) redues to (3.2.5) when  = 0 and
b
2
= Q
2
+ 
2
.
The ases  > 0 and  < 0 must be disussed separately. In the rst ase the
line element (3.2.18a) is dened for
b
2
> Q
2
0

p
1 + 4Q
2
  1
2
: (3:2:19)
With the transformation b
2
= Q
2
0
+ 
2
the metri (3.2.18a) takes the form
ds
2
=

2
(Q
2
0
+ 
2
)
2
+Q
2
0
+ 
2
 Q
2
d
2
+
+

Q
2
(Q
2
0
+ 
2
)
2
+Q
2
0
+ 
2
 Q
2
Q
2
0
+ 
2
d
2
+ (Q
2
0
+ 
2
)d

2
2
;
(3:2:20)
where now  2 R.
The asymptoti form of (3.2.20) for 
2
!1 is
ds
2
=
1

2
d
2
+ 

Q
2

2
d
2
+ 
2
d

2
2
: (3:2:21)
Contrary to the  = 0 ase, this is not a at Eulidean spae. Let us redene the
Eulidean time by
 =  exp
 
p

02

(3:2:22)
so that the asymptoti form (3.2.21) beomes
ds
2
= d
02
+ e
2
p

02
 


Q
2
d
2
+ d

2
2

: (3:2:23)
This line element denes an anisotropi universe whose sale fators expand ex-
ponentially; their ratio is xed by the osmologial onstant.
For  < 0 (3.2.18a) is dened when
Q
2
 
< b
2
< Q
2
+
; (3:2:24)
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where
Q
2

=
1
p
1  4jjQ
2
2jj
: (3:2:25)
In this ase, we an introdue the Eulidean proper time
 =
1
2
p
jj
arsin
"
2jjb
2
  1
p
1  4jjQ
2
#
: (3:2:26)
We then have
ds
2
= d
2
+

Q
2
2
[1  4jjQ
2
℄ os
2
[2
p
jj ℄
1 +
p
1  4jjQ
2
sin[2
p
jj ℄
d
2
+
1
2jj

1 +
p
1  4jjQ
2
sin[2
p
jj ℄

d

2
2
; (3.2.27a)
A() =  

QQ
p
2jj

1 +
p
1  4jjQ
2
sin[2
p
jj ℄

1=2
: (3.2.27b)
The important feature of (3.2.27a), whih will be relevant in the forthoming
disussion, is that of being a periodi solution in the Eulidean proper time
 . Analogously to the ase of vanishing osmologial onstant, the Eulidean
solution (3.2.18) desribes a tunnelling between two Lorentzian-signature regions.
For instane, in the ase  < 0 the instanton (3.2.18) desribes a tunnelling
between the hyperboli universes
ds
2
=  dt
2
+ sin
2
"
!
 

t+

4
p
jj

#
d
2
+Q
 
d

2
2
; (3.2.28a)
and
ds
2
=  dt
2
+ sinh
2
"
!
+

t 

4
p
jj

#
d
2
+Q
+
d

2
2
; (3.2.28b)
where
!
2

=
p
1  4jjQ
2
=Q
2

: (3:2:29)
Here the tunnelling ours when the one-sphere radius is zero; they notably de-
sribe an osillating baby universe in (3.2.28a) and an ever expanding universe
for t > =4
p
jj in (3.2.28b).
3.2.b Eulidean Solution as Tunnelling in Spae.
The solution (3.2.5) an also be interpreted as an Eulidean wormhole joining
two isometri, asymptotially at spaetimes, desribed by Reissner-Nordstrom
type of solutions.
14
14
Reently a great deal of attention has been devoted to Reissner-Nordstom worm-
holes. See for instane Shein and Aihelburg (1996).
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To see this, let us make a hange of oordinates in (3.2.2) by substituting
! iT with T having the dimension of a length; for larity we shall put   r.
In the hyperboli regime we nd (Cavaglia, de Alfaro, and de Felie, 1994)
ds
2
=  
r
2
r
2
 Q
2
dT
2
+ dr
2
+ (r
2
 Q
2
)d

2
2
; (3.2.30a)
A(r) =  
Q
2
p
r
2
 Q
2
; (3.2.30b)
where Q is a onstant. The solution (3.2.30) is dened for r
2
> Q
2
; at jrj = jQj
there is a urvature singularity.
In the region jrj < jQj we have no hyperboli solution. However, the solution
(3.2.5) with   r, redues to (3.2.30) if we Wik rotate the oordinate  as

Q = iT and impose that the eletri eld remains real. Now, sine (3.2.5)
with   r is well-behaved for r 2 R, we an interpret the two branhes of
solution (3.2.30) as joined by the Eulidean solution (3.2.5) at some r
2
= Q
2
+ 
2
with  arbitrary, via the omplexiation of  as stated. With this proedure,
setting  ! 0

we obtain an Eulidean wormhole joining the two branhes of
the solution (3.2.30). The interpretation of the Eulidean solution as a stati
wormhole diers from the ustomary one (see for instane eq. (3.2.5)). This is
due to the partiular nature of the eletromagneti eld and to the oordinate
used for the omplexiation. This fat an be at rst sight quite surprising.
However, we will see in set. [3.4℄ that the quantum piture agrees with the
above interpretation.
The parameter Q entering (3.2.30) an be given a partiular meaning. Denot-
ing R
2
 r
2
 Q
2
, we obtain
ds
2
=  

1 +
Q
2
R
2

dT
2
+

1 +
Q
2
R
2

 1
dR
2
+ R
2
d

2
2
; (3:2:31)
where the radial oordinate R ranges in R
+
.
The line element in the form (3.2.31) an be regarded as of a Reissner-
Nordstrom solution with eetive gravitational mass equal to  Q
2
=2R. How-
ever, we an dedue from eq. (3.2.4) that the onstant Q is not a real harge
sine there are no physial harges in the eld, but is a measure of the eletri
eld ux through the wormhole throat at R = 0. Indeed, sine the eletri eld
is radial in R, its integral ux through a sphere ontaining the origin R = 0 is
equal to
 = 4Q : (3:2:32)
Therefore, the onstant Q only determines the amount of ux that we want
through any given surfae ontaining the origin, similar to what is done by Gid-
dings and Strominger (1988) for the axioni eld. Thus, the eletri eld extends
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beyond the wormhole throat to the asymptoti innities of the isometri spae-
times, generating in both ases an \apparent" harge Q.
In order to omplete the disussion we might prove that the wormhole is
traversable. This an be done studying the equation of motion for a test partile,
having an eletri harge per unit mass q , total spei energy E, and spei
angular momentum L with respet to the at innity, that approahes R = 0.
This is relevant sine the partile an ross the wormhole throat only if it gets
to R = 0 (lassially or via quantum tunnelling). We omit here for brevity the
disussion of this point. The reader may nd the omplete disussion in Cavaglia,
de Alfaro, and de Felie (1994).
3.3 Generalisation to String Theory.
In this setion we generalise the model of the previous setion to string theory.
We will see that the main results obtained for the Einstein gravity hold also for
the low-energy eetive string theory. In addition we will obtain new interesting
results.
Our starting point is a generalised four-dimensional low-energy string eetive
ation that takes into aount, apart from the dilaton and the eletromagneti
eld, a modulus eld whih aquires non-minimal ouplings to the gauge elds
owing to string one-loop eets (see Cadoni and Mignemi, 1993, 1994 and ref-
erenes therein). The theory an be identied as a Jordan-Brans-Dike gravity
theory with Brans-Dike parameter ! taking values in [ 1;1[ and ontains,
as partiular ases, both the dilaton-gravity theory of Garnkle, Horowitz, and
Strominger (1991), and Gibbons and Maeda (1988), as well the Einstein-Maxwell
theory studied in the previous setion.
Even though the solutions we are going to disuss do not seem to orrespond,
at least in the general ase, to exat onformal string bakgrounds, however they
are interesting beause the dimensional redution of the four-dimensional theory
on the bakground dened by the magnetially harged solutions produes a two-
dimensional eetive theory whose hyperboli solutions have all the features of
two-dimensional string osmologial solutions.
3.3.a Eulidean Solutions as Spaetime Tunnelling.
We start from the Eulidean ation
S
E
=
Z
M
d
4
x
p
g e
 2

 R  4(r)
2
+
2
3
(r )
2
+ "F
2
+ "e
2 (2=3)q 
F
2

+
  2
Z
M
d
3
x
p
h e
 2
(K  K
0
) ;
(3:3:1)
where  is the dilaton eld,  a modulus eld, and q is a oupling onstant.
3.3 Generalisation to String Theory 55
Following Cadoni and Mignemi (1993, 1994) we hoose for the modulus eld
the ansatz
e
 (2=3)q 
=
3
q
2
e
 2
: (3:3:2)
Using (3.3.2), the ation (3.3.1) redues to the form
S
E
=
Z
M
d
4
x
p
g e
 2

 R+
8k
1 k
(r)
2
+
3+k
1 k
"F
2

  2
Z
M
d
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x
p
he
 2
(K  K
0
) ;
(3:3:3)
where
k =
3  2q
2
3 + 2q
2
;  1  k  1 : (3:3:4)
We have several interesting ases aording to the value of k. For k =  1 (i.e. q !
1) the ation redues to the usual low-energy string ation when the modulus  
is not taken into aount; (3.3.3) desribes then the (Eulidean) four-dimensional
dilaton-gravity theory onsidered by Garnkle, Horowitz, and Strominger (1991),
and by Gibbons and Maeda (1988). For k = 0 we have a four-dimensional ation
whose two-dimensional redution gives the (Eulidean) Jakiw-Teitelboim theory
(see for instane Cadoni and Mignemi, 1994). The ase k = 1 looks singular.
However, inserting q = 0 in the ation (3.3.1) and using the equations of motion
that enfore the dilaton to be onstant, we reover the usual (Eulidean) Einstein-
Maxwell theory. Using the ansatz (3.3.2) exat solutions an be obtained for any
value of the oupling onstant k 2 [ 1; 1℄.
One an easily realise that the ation (3.3.3) desribes a Brans-Dike theory
oupled to the eletromagneti eld. Indeed, the redenition  = exp( 2)
brings the ation (3.3.3) in the Jordan-Brans-Dike form with a Brans-Dike
parameter ! = 2k=1  k. As expeted we reover general relativity (! =1) for
k = 1.
Let us rst onsider the purely magneti ansatz. A suitable onguration
ompatible with the topology of the spaetime is given by the magneti monopole
on the two-sphere:
F = Q
m
sin d ^ d' ; (3:3:5)
where Q
m
is the magneti harge. Eq. (3.3.5) desribes a purely magneti eld.
Later on we shall onsider a purely eletri eld with the only non-vanishing
omponent along the  diretion as we have done in set. [3.2℄. We shall see that
the solutions orresponding to the two hoies (3.3.5) and (3.2.3) are related by
a duality transformation.
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The Eulidean solution of the equations of motion is (Cadoni and Cavaglia,
1995a)
ds
2
= d
2
+ 2
(1 k)
Q
2

2

2
+Q
2

1 +
Q
p

2
+Q
2

k 1
d
2
+
+ (
2
+Q
2
)d

2
2
; (3.3.6a)
F =
p
1  k
2
Q sin d ^ d' ; (3.3.6b)
e
2( 
0
)
= 2
(1 k)=2

1 +
Q
p

2
+Q
2

(k 1)=2
: (3.3.6)
where we have redened the magneti harge Q
m
through
Q
m
=
1
2
p
1  kQ : (3:3:7)
The solution (3.3.6) exists and is well-dened for any  1  k < 1. For k = 1
the redenition of the magneti harge (3.3.7) beomes singular. This is not
surprising beause the ansatz (3.3.2) is singular for k = 1 (i.e. q = 0); so, the
solution for this partiular ase must be determined by starting diretly from the
ation (3.3.1) with q = 0. One an easily verify that the orresponding solution
is desribed by (3.3.5) and (3.3.6a) where now k = 1 and Q
m
= Q and oinide
with the solution of set. [3.2℄.
15
As done in the previous setion, let us study the properties of the solution. In
the asymptoti regions  ! 1, the line element beomes
ds
2
= d
2
+ 2
(1 k)
Q
2
d
2
+ 
2
d

2
2
: (3:3:8)
Thus the asymptoti Riemannian spae is at with topology R
3
 S
1
. At  = 0,
8k 2 [ 1; 1℄, the metri is singular. Analogously to set. [3.2℄, the singularity is
due to a bad hoie of oordinates and it is possible to nd a new hart that overs
the whole spae. One an easily verify this, observing that in the neighbourhood
of  = 0, (3.3.6a) redues to (3.2.7).
The asymptoti behaviour of the line element (3.3.6a) and its regularity allow
to interpret the instanton (3.3.6) as a wormhole that onnets two asymptoti
at regions. Again, the instanton an be joined at  = 0 with a osmologial
solution. Hene, eq. (3.3.6) desribes the nuleation of a baby universe starting
15
The Eulidean solution (3.3.6) has been reently generalised to the ase of multi-
blak hole instantons by Demelio and Mignemi (1996).
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from an original at region. The ase of set. [3.2℄ is of ourse a partiular ase
of (3.3.6).
It is straightforward (see Cadoni and Cavaglia, 1995a) to nd the magneti
harged solution of the Lorentzian-signature equations of motion:
ds
2
=  dt
2
+Q
2
sin
2
(t=Q)

1 + os (t=Q)
2

k 1
d
2
+Q
2
d

2
2
; (3.3.9a)
e
2( 
0
)
=

1 + os (t=Q)
2

(k 1)=2
: (3.3.9b)
It is interesting to study the properties of the solution (3.3.9). The line element
(3.3.9a) desribes a universe whose spatial setions are ompat with topology
S
1
 S
2
. The sale fator of the two-sphere is onstant, while the radius of the
one-sphere is periodi in time. The behaviour of the line element (3.3.9a) depends
on k, so it is onvenient to study separately the following ases:
a) k = 1, the Einstein-Maxwell theory. In this ase the line element redues
to the one found in the previous setion. The radius a of the one-sphere
takes values in the range [0; Q℄ and the line element is singular at t = nQ,
n = 0;1;2; :::. Thus eq. (3.3.9a) represents a universe whih periodially
reprodues itself with period Q. The dilaton is onstant.
b) 0 < k < 1. Contrary to the previous ase, when k takes values in the interval
℄0; 1[, the metri has a urvature singularity for t = (2n + 1)Q where the
dilaton diverges and the theory beomes strong-oupled. At t = 2nQ there
is a oordinate singularity analogous to the ase a). The radius of the one-
sphere vanishes for t = nQ and has a maximum for os(t=Q) = (k 1)=(k+1).
In this ase (3.3.9a) desribes a universe whose two-sphere sale fator remains
onstant, whereas the radius of the one-sphere vanishes at t = 0, grows till a
maximum value and beomes again zero after a time t = Q.
) k = 0. In this ase (3.3.9a) desribes a periodi universe with period 2Q. The
sale fator a vanishes for t = 2nQ, where there is a oordinate singularity
analogous to the ase a), and takes its maximum value a
max
= 2Q when
t = (2n+ 1)Q. Note that even though there are no urvature singularities,
the dilaton diverges and the theory beomes strong-oupled for t = (2n+1)Q.
d)  1  k < 0. The sale fator a vanishes for t = 2nQ, where the metri shows
a oordinate singularity, and goes to innity for t = (2n + 1)Q where the
line element has a urvature singularity. Hene, the radius of the one-sphere
starts with zero at t = 0 and grows to innity at t = Q. Note that k =  1
orresponds to the usual dilaton-gravity theory.
One an easily see that 8k 2 [ 1; 1℄ the solution (3.3.9) an be joined at t = 0
with the Eulidean instanton (3.3.6) and analogously to the previous setion an
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be interpreted as the line element of a baby universe nuleated starting from an
asymptotially at region. Of ourse, the dilaton is ontinuous with its derivative
on the hypersurfae t =  = 0, where the hange of signature ours.
As far as the probability amplitude of nuleation of the baby universe (3.2.15)
is onerned, after a straightforward alulation and taking into aount the
boundary terms to anel the divergent ontribution oming from the asymptoti
region, one nds (we restore for a moment the Plank mass)
 
BU
= exp [ M
2
Pl
e
 2
0
Q
2
(k + 1)=2℄ : (3:3:10)
For k 6=  1, in order to have a probability of the order of unity, the harge
Q appearing in the solution must be of the order of the Plank lenght, so the
nuleation probability is maximal for baby universes with dimensions of the order
of the Plank length. Conversely, for the usual dilaton-gravity theory (k =  1),
the semilassial probability amplitude (3.3.10) does not determine the dimension
of the baby universe, beause one obtains  
BU
= 1 for any value of the harge Q.
In this ase, in order to x the probability amplitude one must onsider higher
order ontributions in the string tension 
0
to the low-energy string eetive
ation.
We an use the solution (3.3.6) to ompute the most probable value of the
eetive Brans-Dike parameter. This an be done following the Coleman's ar-
gument for the vanishing of the osmologial onstant (Coleman, 1988b), as in
(Garay and Garia-Bellido, 1993). Using a Jordan-Brans-Dike theory with a
osmologial onstant Garay and Garia-Bellido argue that the most probable
value of the eetive Brans-Dike parameter is ! = 1, i.e. general relativity is
the low-energy eetive theory of gravity. Let us prove that the result of Garay
and Garia-Bellido holds also for the theory dened by the ation (3.3.3). Using a
dilute wormhole approximation (see set. [3.1℄) and taking into aount that the
main ontribution to the path-integral omes from the lassial Eulidean ation
evaluated at its saddle point, the Coleman's mehanism gives for the probability
distribution Z(k) of the parameter k
lnZ(k) = exp

32
2
e
 2
0
Q
2
m
1 + k
1  k

; (3:3:11)
where we have used eq. (3.3.7) to reinstate the full dependene of the ation
on the parameter k. The probability distribution for the oupling onstant k is
strongly peaked at k = 1, i.e the most probable value for the eetive Brans-Dike
parameter is ! =1, aording to the results of Garay and Garia-Bellido (1993).
To onlude this subsetion, let us briey disuss the solution obtained in
presene of the purely eletri eld (3.2.3). We nd
ds
2
= e
4
0

1 +
Q
p

2
+Q
2

1 k

d
2
+ 2
(1 k)
Q
2

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

2

2
+Q
2

1 +
Q
p

2
+Q
2

k 1
d
2
+ (
2
+Q
2
)d

2
2

; (3.3.12a)
F =
1
2
p
1  kQ
2
e
2
0

 

2
+Q
2

3=2
d ^ d ; (3.3.12b)
e
2( 
0
)
= 2
(k 1)=2

1 +
Q
p

2
+Q
2

(1 k)=2
: (3.3.12)
Analogously to the purely magneti onguration, one an easily verify that the
solution (3.3.12) an be joined at  = 0 to the eletri osmologial solution dual
to (3.3.9)
ds
2
= e
4
0

1 + os (t=Q)
2

1 k

 dt
2
+Q
2
sin
2
(t=Q)


1 + os (t=Q)
2

k 1
d
2
+Q
2
d

2
2

; (3.3.13a)
F =
1
2
p
1  k e
2
0
sin (t=Q)dt ^ d ; (3.3.13b)
e
2( 
0
)
=

1 + os (t=Q)
2

(1 k)=2
; (3.3.13)
at t = 0. Note that for k = 1 (3.3.9a) and (3.3.13a) oinide after taking 
0
= 0;
indeed, in this ase the dilaton is onstant and the duality invariane holds also in
the string frame. The solution (3.3.13) has properties analogous to the solution
(3.3.9). The line elements dier only for a onformal fator beause of the duality
relation. The most striking dierene between the two solutions resides in the fat
that dierently from (3.3.9) the sale fator for the two-sphere in (3.3.13a) is not
onstant. We shall see below that the two-dimensional setion of the magneti
solution (3.3.9) an be desribed in terms of an eetive two-dimensional theory
obtained by dimensional redution of the ation (3.3.3). This is of ourse not
possible for the eletri solution. The probability amplitude for the nuleation of
the baby universe oinides obviously with (3.3.10).
3.3.b Digression: Two-dimensional Redution and Sale-Fator Duality.
The line element of the magneti solution (3.3.9) has the form of a diret produt
of a two-dimensional solution and a two-sphere of onstant radius. Thus, it is
interesting to study the two-dimensional eetive theory obtained by retaining
only the time-dependent omponents of the four-dimensional metri. This two-di-
mensional theory is expeted to desribe the essential four-dimensional physis for
perturbations around the bakground solution (3.3.9). The hyperboli version of
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the ation (3.3.3) an be dimensionally redued by taking the angular oordinates
to span a two-sphere of onstant radius Q. The resulting two-dimensional ation
(in the hyperboli regime) is
S =
Z
d
2
x
p
 ge
 2

R 
8k
1 k
(r)
2
+ 
2

; (3:3:14)
where 
2
= (1  k)=2Q
2
. This two-dimensional ation has been studied in on-
netion with its blak hole solutions and its duality invarianes by Cadoni and
Mignemi (1994, 1995). In this setion we shall study (3.3.14) from the osmo-
logial point of view. As shown by Cadoni and Mignemi (1995) onsidering
spae-dependent eld ongurations, the ation (3.3.14) possesses a duality sym-
metry. It is easy to see that this duality invariane also holds for time-dependent
ongurations. Let us onsider the metri and the dilaton eld of the form
ds
2
=  dt
2
+ e
2(t)
dx
2
;  = (t) ; (3:3:15)
where x 2 R
+
[ f0g. The ation beomes
S =
Z
dt e
 2+

2(+ _
2
) +
8k
1 k
_

2
+ 
2

; (3:3:16)
where dots represent time-derivatives. One an hek that the transformation
! k  2(k + 1); !
k   1
2
  k (3:3:17)
leaves the ation invariant modulo a total derivative. The duality transformation
(3.3.17) is the generalisation for the ation (3.3.1) of the sale-fator duality
symmetry of string theory (Veneziano, 1991; Gasperini and Veneziano, 1992;
Tseytlin and Vafa, 1992). Indeed, for k =  1 we get the standard sale-fator
duality transformation  !  ;  !     whih exhanges the radius of the
two-dimensional universe with its inverse.
16
Let us now disuss the osmologial solutions of the two-dimensional the-
ory and their behaviour under the duality transformation (3.3.17). The time-
dependent solution of the ation (3.3.14) is
ds
2
=  dt
2
+ sin
2
(t=2Q)

os
2
(t=2Q)

k
dx
2
; (3.3.18a)
e
2( 
0
)
=

os
2
(t=2Q)

(k 1)=2
: (3.3.18b)
16
See set. [4.4℄. This result has been reently generalised by Lidsey (1995) and in
2+1 dimensions by Cadoni (1996).
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Considering a periodi spae, i.e. setting x = 2Q, 0   < 2; the solution
(3.3.18) oinides with the two-dimensional setion of solution (3.3.9). The eet
of the duality transformation (3.3.17) on the solution (3.3.18) is to exhange the
sine and the osine everywhere:
ds
2
=  dt
2
+ os
2
(t=2Q)

sin
2
(t=2Q)

k
dx
2
; (3.3.19a)
e
2( 
0
)
=

sin
2
(t=2Q)

(k 1)=2
: (3.3.19b)
The dual solution orresponds of ourse to a solution of the four-dimensional
theory. Moreover, for k = 1 (3.3.18) and (3.3.19) are the same, i.e the solution is
self-dual. Comparing eq. (3.3.18) with eq. (3.3.19), one realise that the eet of
the duality transformation (3.3.17) on the solutions with k 6= 1; 0 is to exhange
the oordinate singularities at t = 2nQ with the urvature singularities at t =
(2n + 1)Q. For k = 0 there are no urvature singularities and the duality
transformation simply exhanges strong string ouplings with weak ones.
The previous osmologial solutions are further examples of the two-dimen-
sional string osmologies studied by Veneziano (1991), Gasperini and Veneziano
(1992), and Tseytlin and Vafa (1992). They exhibit all the peuliar properties of
string osmologial solutions suh as the above-disussed duality invariane. In
partiular for k =  1 the solutions (3.3.18) and (3.3.19) orrespond to well-known
D = 2 osmologial onformal string bakgrounds (Veneziano, 1991; Gasperini
and Veneziano, 1992; Tseytlin and Vafa, 1992). However, for generi k we do not
know if the interpretation of (3.3.18) and (3.3.19) as onformal string bakgrounds
an be maintained. In this ontext the ase k = 0 seems very interesting. We
have seen that the osmologial solution desribes an universe whih periodially
reprodues itself without enountering a singularity, thus avoiding the singularity-
problem whih aets the models with k 6= 0; 1.
To onlude this digression, let us disuss the relationship between the two-
dimensional osmologial solutions and the orresponding two-dimensional blak
hole geometries. For the partiular ase k =  1, it has been already shown that
the osmologial solution (3.3.18) desribes the region between the horizon and
the singularity of the blak hole geometry derived from (3.3.14) (Tseytlin and
Vafa, 1992)
ds
2
=  4Q
2
tanh
2
(x=2Q)d
2
+ dx
2
; (3.3.20a)
e
2( 
0
)
=

osh (x=2Q)

 2
: (3.3.20b)
This onstrution an be generalised for arbitrary k. Consider the metri (3.3.18a)
expressed in terms of the periodi oordinate  = x=2Q and hoose the new
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oordinates
u = e
t

+
; v = e
t

 
;
t

=
1
2Q
Z
dt
sin (t=2Q) os
k
(t=2Q)
=
y
(1 k)=2
k   1
F

1  k
2
; 1;
3  k
2
; y

;
(3:3:21)
where F is the hypergeometri funtion and y = os
2
(t=2Q). The line element
(3.3.18a) beomes
ds
2
=  4Q
2
(1  y)y
k
uv
dudv : (3:3:22)
An idential form for the metri an be obtained starting from the blak hole
solution of the ation (3.3.14) (Cadoni and Mignemi, 1994)
ds
2
=  4Q
2
sinh
2
(x=2Q)

osh (x=2Q)

2k
d
2
+ dx
2
; (3.3.23a)
e
2( 
0
)
=

osh (x=2Q)

k 1
; (3.3.23b)
and introduing the oordinates
u = e
x

+
; v = e
x

 
;
x

=
1
2Q
Z
dx
sinh (x=2Q) osh
k
(x=2Q)
=
y
(1 k)=2
k   1
F

1  k
2
; 1;
3  k
2
; y

;
(3:3:24)
but now with y = osh
2
(x=2Q). In (3.3.21) y takes values in the interval [0; 1℄,
whereas in (3.3.24) 1  y <1. Hene, the solution (3.3.22) desribes the region
between the horizon and the singularity of the blak hole solution (3.3.23).
17
As shown by Tseytlin and Vafa (1992) for the ase k =  1, one an ontinue
the time past the singularity at t = Q to get an idential opy of the interior of
the blak hole where the universe now starts at the singularity and evolves till it
reahes zero size at t = 2Q. By ontinuing this proedure, i.e. not identifying
t! t+ 2Q, we end up with an universe whih undergoes innitely many osil-
lations. However, this onstrution annot be taken too seriously beause near
the singularity, where the size of the universe beomes innitely large, one an-
not trust anymore the low-energy string eetive ation (3.3.14) and one should
onsider the exat theory. We will not disuss this point further, we just note
17
Stritly speaking, beause we are working with  periodi, this orrespondene holds
for a wedge in the region between the horizon and the singularity (see Tseytlin and Vafa,
1992).
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that our model with k = 0 avoids the singularity problem. Indeed, for this value
of k the salar urvature stays everywhere nite and only the dilaton diverges at
t = (2n+ 1)Q indiating that the theory beomes strong-oupled.
3.3. Eulidean Solutions as Instability of the Vauum.
The instanton (3.3.6) an also desribe a dierent physial proess taking plae
in the theory. Indeed, using a dierent analytial ontinuation to the hyperboli
spae, the solution (3.3.6) an be interpreted as a semilassial deay proess of
the ground state (vauum) of the low-energy eetive string theory (Cadoni and
Cavaglia, 1995b).
The existene of a proess of semilassial deay is important sine it may lead
to the instability of the vauum of the theory. Furthermore, a areful analysis
of the geometri and topologial features of the instanton will enable us to iden-
tify (3.3.6) also as a Hawking-type wormhole (Hawking, 1988) onneting two
asymptoti regions with topology R
3
 S
1
.
Here we shall follow an approah similar to the one used by Witten (1982) to
prove the semilassial instability of the Kaluza-Klein vauum in ve dimensions.
Even though the theory onsidered here has little to do with the Kaluza-Klein
theory in ve dimensions, both instantons have ommon geometrial and topo-
logial features and onsequently most of the mathematial tehniques used by
Witten an be implemented in this ase.
Let us onsider the solution (3.3.6) written in the form (! 2
(k 1)=2
, 
0
!

0
+ (k   1) ln(2)=4)
ds
2
=

1 
Q
2
r
2

 1
dr
2
+Q
2

1 +
Q
r

k 1

1 
Q
2
r
2

d
2
+
+ r
2
d

2
; (3.3.25a)
F =
p
1  k
2
Q sin d ^ d' ; (3.3.25b)
e
2( 
0
)
=

1 +
Q
r

(k 1)=2
: (3.3.25)
The ruial point for the identiation of (3.3.25) with a vauum deay proess
is the analytial ontinuation of the line element to the hyperboli spae. Hene,
let us disuss the geometri and topologial properties of the Eulidean manifold
desribed by (3.3.25a). Sine the latter has by denition signature (+;+;+;+), r
an take values only in the range [Q;1[. For r!1 the spae is asymptotially
at with topology R
3
 S
1
. For r = Q the metri tensor is singular. However,
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in r = Q the manifold is smooth, as one an see putting r =
p
Q
2
+ 
2
( 2 R)
and dening  as a periodi variable with period 2  2
(1 k)=2
(see the previous
setion). This onlusion seems to indiate that the oordinate system (r; ; ; ')
does not over the whole manifold. In order to obtain the maximal extension of
the Eulidean metri (3.3.25a) we have to perform the oordinate transformation
r =
(x
2
+ 
2
) +Q
2
2
p
x
2
+ 
2
; tan  =
x

; (3:3:26)
whose inverse is given by
x = f(r) sin  ;  = f(r) os  ; (3:3:27)
where
f(r) =
p
x
2
+ 
2
= Q exp[arosh (r=Q)℄ : (3:3:28)
The oordinate transformation (3.3.27,28) is never singular. Using (3.3.26) the
Eulidean solution (3.3.25) reads
ds
2
=
1
4

1 +
Q
2
f
2

2

d
2
+ dx
2
+ x
2
d'
2

+
+Q
2

1 
2Q
2
f
2
+Q
2

2

1 +
2Qf
f
2
+Q
2

k 1
d
2
; (3.3.29a)
F =
1
2
p
1  kQ
x
f
3
[x d ^ d'    dx ^ d'℄ ; (3.3.29b)
e
2( 
0
)
=

1 +
2Qf
f
2
+Q
2

(k 1)=2
: (3.3.29)
Eq. (3.3.29a) represents the maximal extension of (3.3.25a). As before, when
x;  !1 the manifold is asymptotially at with topology R
3
S
1
. The ritial
surfaes are x
2
+ 
2
= Q
2
and x
2
+ 
2
= 0. Using the oordinate transformation
(3.3.26-28) it is easy to verify that the rst ritial surfae orresponds to r = Q
and the seond one to r = 1. Eq. (3.3.25a) desribes thus two asymptotially
at regions smoothly joined through the surfae r = Q. This strange struture
is related to the existene of a onformal equivalene between the region inside
x
2
+ 
2
= Q
2
and the region outside. Indeed, the solution (3.3.25) is invariant
under the transformation
y

!
Q
2
y
2
O


y

; ;  = 1; 2; 3: (3:3:30)
Here y

are Cartesian oordinates of the three-dimensional spae y
1
= t, y
2
=
x os', y
3
= x sin', and O


is a 3 3 rotation matrix. As a onsequene, the
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line element (3.3.29a) represents a Hawking-type wormhole (Hawking, 1988) that
onnets two asymptotially at spaes with topology R
3
 S
1
. The minimum
radius of the wormhole is equal to Q.
In order to interpret (3.3.25) as a vauum deay proess, we have to on-
tinue analytially the Eulidean solution to the hyperboli spaetime. In the
previous setions the analytial ontinuation has been performed rst by den-
ing  =
p
r
2
 Q
2
thereafter by the omplexiation of  ,  ! i . Finally, the
resulting hyperboli manifold has been interpreted as a baby universe of spatial
topology S
2
 S
1
nuleated at  = 0. However, we an perform dierent an-
alyti ontinuations. For instane, we an omplexify the  oordinate of the
two-sphere S
2
. In this ase, sine  = 0 is a oordinate singularity of the metri,
it is onvenient to hoose as symmetry plane the surfae  = =2 and to set
!

2
+ i : (3:3:31)
Using (3.3.31) we obtain the hyperboli solution
ds
2
=

1 
Q
2
r
2

 1
dr
2
+Q
2

1 +
Q
r

k 1

1 
Q
2
r
2

d
2
+
  r
2
d
2
+ r
2
osh
2
d' ; (3.3.32a)
F = Q
m
osh d ^ d' ; (3.3.32b)
e
2( 
0
)
=

1 +
Q
r

(k 1)=2
: (3.3.32)
The eletromagneti eld is real, and for r  Q the spaetime is nonsingular, the
oordinate singularity at r = Q being harmless as it is for the Eulidean spae
(3.3.25). The line element for r  Q represents the spaetime in whih the R
3
S
1
vauum deays. The topology of the initial  = 0 hypersurfae is R
2
 S
1
. Note
that the analyti ontinuation to the hyperboli spae of the previous setion,
even though it has been obtained from the same Eulidean instanton, has instead
spatial topology S
2
 S
1
.
The topology of the analyti ontinuation to the hyperboli spae depends
thus on the oordinate hosen to omplexify. A better understanding of the
features of this spae an be ahieved starting from the hyperboli line element
that overs only the region r  Q. Using the oordinate transformation
x = f(r) osh  ; t = f(r) sinh  ; (3:3:33)
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where f(r) =
p
x
2
  t
2
is dened as funtion of r as in eq. (3.3.28), we obtain
ds
2
=
1
4

1 +
Q
2
f
2

2

 dt
2
+ dx
2
+ x
2
d'
2

+
+Q
2

1 
2Q
2
f
2
+Q
2

2

1 +
2Qf
f
2
+Q
2

k 1
d
2
; (3.3.34a)
F =
1
2
p
1  kQ
x
f
3
[x dt ^ d'   t dx ^ d'℄ ; (3.3.34b)
e
2( 
0
)
=

1 +
2Qf
f
2
+Q
2

(k 1)=2
: (3.3.34)
Sine  1  t=x  1, the new oordinates (x; t) do not over the whole plane.
They over only the region outside to the light one x  t = 0, orresponding
to the physial region. Analogously to the Eulidean ase, the ritial surfaes
are two: x
2
  t
2
= Q
2
orresponding to r = Q, and x
2
  t
2
= 0 representing
the innity (see gure 3.1). Of ourse, the manifold desribed by (3.3.34a) is
geodesially omplete and its topology is R
3
 S
1
. Regions I and II in gure
3.1 are analogous to the Eulidean ones and their onformal equivalene an be
proved using a oordinate transformation similar to (3.3.30).
The region II is the starting point for the vauum deay interpretation of the
Eulidean instanton. One an easily verify that the origin of the Eulidean plane
(x; t) { oiniding with an asymptotially at innity { is not the only surfae
one an use to pass to the hyperboli regime. At  = 0 we an join the Eulidean
manifold desribed by (3.3.29a) with a hyperboli spaetime, namely the region
x
2
  t
2
> Q
2
of the spaetime (3.3.34a) (region II in gure 3.1). Indeed, at
 = 0 the metri, the dilaton and the eletromagneti eld assume a minimal
onguration, so the extrinsi urvature vanishes and the joining is possible. The
hyperboli spaetime in whih the vauum deays is the region II in gure 3.1.
Let us explore in detail its properties. Due to the maximal analyti extension, the
regions on the left and on the right of the plane (x; t) are idential, so attention
is foused on one of them. Choosing for simpliity hypersurfaes at onstant ,
the line element (3.3.34a) beomes onformally equivalent to a R
3
at Lorentzian
spaetime. Of ourse the manifold is not geodesially omplete, sine there exist
geodesis rossing the boundary x
2
  t
2
= Q
2
. The meaning of the boundary an
be understood following its time evolution. Starting at t = 0, as t beomes larger
and larger, the oordinate x of the boundary grows aording to x =
p
Q
2
+ t
2
(right region). Sine the oordinate x orresponds to a radius in the ylindrial
system of oordinates (t; x; '), the boundary an be interpreted as a hole in
spae starting with radius Q at t = 0 and growing up for t > 0. At t = 0 the
eletromagneti eld is a purely eletri eld in the ' diretion E
'
= Q
m
=x; as
the time t ows and E
'
hanges in intensity, the latter generates a magneti eld
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Figure 3.1: The two-dimensional setion of the hyperboli spae de-
sribed by the line element (3.3.34a). The physial region orresponds
to the shaded part (region II) of the piture enlosed by the hyperbola
x
2
  t
2
= Q
2
.
in the perpendiular  diretion. Finally, when x; t ! 1, the eletromagneti
eld vanishes, as expeted beause the spaetime is asymptotially at. The
Eulidean line element (3.3.29a) represents thus the deay proess of the at
spaetime of topology R
3
 S
1
in a spaetime with a growing hole.
In onlusion, the Eulidean instanton (3.3.29) represents either a wormhole
or a vauum deay proess aording to the null-extrinsi urvature hypersurfae
used for the analyti ontinuation to the hyperboli spaetime.
The previous results an be straightforwardly extended to the purely eletri
eletromagneti eld onguration (3.2.3). Indeed, we have seen in the previ-
ous setion that in this ase the line element diers from (3.3.25) only by the
onformal fator e
4
0
(1 Q=r)
1 k
, so the onlusion remains unhanged.
At this stage we an ask ourselves if the semilassial vauum deay proess is
onsistent with energy onservation. Sine the R
3
 S
1
vauum has zero energy,
the spae (3.3.32a) in whih it deays must also have zero energy. Using the ADM
formula generalised to dilaton-gravity theories, the total energy of (3.3.32) an be
alulated as usual by means of a surfae integral depending on the asymptoti
behaviour of the gravitational and dilaton elds. The line element (3.3.34a) is
not stati with respet to t, so the integral must be evaluated at the initial t = 0
surfae, orresponding in (3.3.32a) to  = 0. The result of the integration is zero.
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Indeed, the terms of the gravitational and dilaton elds whih ontribute to the
total energy of the solution are those of order 1=r. However, in our ase these
terms give a null ontribution to the energy, owing to the R
2
S
1
topology of the
 = 0 surfae. The spaetime desribed by (3.3.32) has thus zero energy. This
feature makes the R
3
 S
1
vauum not stable for the theory dened by (3.3.1),
sine there exists a solution with zero energy and the same asymptoti behaviour
as the R
3
 S
1
vauum. As a onsequene, the positive energy theorem (Shoen
and Yau, 1979) does not hold for the theory (3.3.1) if one onsiders vaua with
topology R
3
 S
1
.
18
The failure of the positive energy theorem seems related
to the presene of the eletromagneti eld: in the R
3
 S
1
vauum there exist
exitations of the eletromagneti eld for whih the positive energy theorem
does not hold.
The interpretation of the Eulidean solution (3.3.25) as an instability proess
of the vauum has been established using the analytial ontinuation (3.3.31).
Considering a further analytial ontinuation to the hyperboli spaetime, we
have also seen that the instanton an be interpreted as a Hawking-type wormhole.
The latter has an intrinsially three-dimensional nature beause its topology is
R
3
S
1
and the radius of S
1
is equal to Q in the two asymptoti regions f =1,
f = 0 and shrinks to zero for r = Q. Hene, the most natural interpretation of
this solution an be found in the ontext of a 3 + 1 Kaluza-Klein theory.
Starting from the ation (3.3.1), setting to zero the omponents of the ele-
tromagneti eld along the  diretion and splitting the four-dimensional line
element as
ds
(4)
= ds
(3)
+Q
2
e
 2 
d
2
; (3:3:35)
after some manipulations we obtain the three-dimensional ation:
S
E
=
Z
M
d
3
x
p
g
(3)
e
 2

 R
(3)
+
k 1
2
[4(r)
2
  (r)
2
℄ 
3+k
1 k
F
2

; (3:3:36)
where  = + =2,  =  +2(k+1)=(k 1), and we have dropped the boundary
terms.
A solution of the ensuing equations of motion is
ds
2
=
1
4

1 +
Q
2
f
2

2

d
2
+ dx
2
+ x
2
d'
2

;
e
2( 
0
)
=
f
2
+Q
2
f
2
 Q
2
; e
2( 
0
)
=

f +Q
f  Q

2
;
(3:3:37)
18
The positive energy theorem states that every non-at, asymptotially Lorentzian
solution of the Einstein equations has positive energy. However, its validity for spae-
times with arbitrary topology and theories as (3.3.1) has not been yet proved.
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where f =
p
x
2
+ 
2
and we have hosen the eletromagneti tensor F as in
(3.3.29b). The solution of the three-dimensional theory is thus a Hawking-type
wormhole onneting two asymptoti regions of topology R
3
.
Finally, let us ompute the deay rate of the vauum. Evaluating the ation
(3.3.1) on the Eulidean solution (3.3.25) as done for (3.2.17) and (3.3.10) we
have (as usual we reintrodue the Plank mass)
S
E
= M
2
Pl
e
 2
0
Q
2
(k + 1)=4 : (3:3:38)
This result has been obtained by integrating r and  in the range Q  r < 1,
0    =2, the appropriate one for the vauum deay proess. The rate of
deay of the R
3
 S
1
vauum is
 
V D
= exp

 M
2
Pl
e
 2
0
Q
2
(k + 1)=4

: (3:3:39)
The vauum is long-lived for values of Q muh greater than the Plank length
and beomes unstable when Q is of the same order of magnitude of the Plank
lenght. Finally, it is interesting to ompare the vauum deay rate  
V D
with the
probability for the nuleation of a baby universe  
BU
in (3.3.10)
 
BU
= ( 
VD
)
2
: (3:3:40)
The probability of nuleation of a baby universe is thus smaller than the proba-
bility of the vauum deay.
3.4 Beyond the Semilassial Interpretation.
The nal stage in the disussion of our minisuperspae model is its quantisation.
We have mentioned in the rst setion that the path-integral (3.1.1) satises
formally the Wheeler-De Witt equation of the system (Halliwell and Hartle, 1991).
So in order to go beyond the semilassial approximation of set. [3.2℄ and set.
[3.3℄ we have to investigate the solutions of the Wheeler-DeWitt equation.
19
We
shall see later that the study of the Wheeler-DeWitt equation opens the way to a
new interpretation of the solutions found in previous setions. At the end of the
setion we shall see that an analogous interpretation holds also for the Bianhi I
spaetime.
Our starting point is again the ation (3.2.1), the line element (3.2.2) and the
ansatz (3.2.3).
20
Substituting (3.2.2) and (3.2.3) in (3.2.1) and negleting surfae
terms
21
the ation density in the minisuperspae beomes
S
E
= 2
Z
d

 
a
_
b
2
N
  2
_ab
_
b
N
  aN +
b
2
aN
_
A
2

; (3:4:1)
19
In this setion we shall deal with the quantisation a la Dira as usual in the literature.
20
We shall disuss only the Einstein gravity theory. The generalisation to the dilaton
ase is straightforward (see Cavaglia, 1994a).
21
We may do that, as we are only interested in the solutions of the equations of motion.
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where dots represent derivatives with respet to  . From (3.4.1) the Einstein
equations an be reovered onsidering formally a(), N(), b(), and A() as
Lagrangian oordinates evolving in  . We have seen in hapt. 2 that N() ats
as a Lagrange multiplier and thus imposes the Hamiltonian onstraint H = 0.
Of ourse, in the derivation of the lassial solutions we have the freedom to
hoose N . The Eulidean instanton (3.2.5) oinides with the solution derived
from (3.4.1) by setting N = 1.
The rst step towards the Dira quantisation of the system is to nd the
lassial expression of the Hamiltonian onstraint. The latter an be ast in a
quadrati form in the anonial momenta using the hange of variables (anonial
transformation) fa; bg ! fx; yg
a = f  f(x) ; (3.4.2a)
b =
h(y)
f(x)
; (3.4.2b)
where f(x) and h(y) are arbitrary funtions of x and y respetively. We obtain
the extended Hamiltonian
H
E
= u
"
 
1
(h
;y
=h)
2
p
2
y
+
1
(f
;x
=f)
2
p
2
x
+ 16h
2
+ f
2
p
2
A
#
= 0 ; (3:4:3)
where we have dened the Lagrange multiplier u = Nf=8h
2
. p
x
, p
y
, and p
A
are
the anonial onjugate momenta of x, y, and A respetively.
Now we an quantise the system a la Dira substituting quantum operators
for lassial quantities (see hapt. 2). Starting from the lassial extended Hamil-
tonian (3.4.3) written in the form
H
E
= u

p
2

  p
2

+ e
2
p
2
A
+ 16e
2

; (3:4:4)
where f(x) = exp[(x)℄ and h(y) = exp[(y)℄, and hoosing the Laplae-Beltrami
ordering for the kineti part of the Hamiltonian,
22
the Wheeler-DeWitt equation
beomes separable

 

2

2
+

2

2
+ 16e
2
+ e
2

2
A
2

	(; ; A) = 0 : (3:4:5)
Now it is straighforward to write the solutions of (3.4.5) that are eigenstates of
the operator p^
A
	
(;!)
(f; h; A) = C(; !)K
i
(!f)K
i
(4h)e
i!A
(3:4:6)
22
In hapt. 5 we shall see that this hoie orresponds essentially to hoose a measure
invariant for the gauge and rigid transformations of the system.
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or, in terms of the sale fators a and b:
	
(;!)
(a; b; A) = C(; !)K
i
(!a)K
i
(4ab)e
i!A
; (3:4:7)
where  and ! are real parameters and K
i
is the modied Bessel funtion of
index i (see Bateman, 1953).
Before dealing with gauge xing and omplete the quantisation of the model,
let us disuss the physial meaning of the solution (3.4.7) and fous attention on
the behaviour in the variable b. The wave funtions (3.4.7) are singular at the
origin, where they osillate an innite number of times sine 	 goes like b
i
as
one approahes b = 0. The wave funtions osillate for 4ab < jj (Lorentzian
region), and are exponentially damped for 4ab > jj (Eulidean region). The
osillating region of (3.4.7) an be interpreted as the quantum analogue of (3.2.13)
with an initial singularity at b = 0 and maximum dimension 4ab  .
Let us now disuss the asymptoti behaviour of the wave funtions (3.4.7) for
large values of the sale fator b. From (3.4.7) we have
	  exp( 4ab) : (3:4:8)
This is the asymptoti behaviour orresponding to the at R
3
S
1
spae.
23
Hene,
for any value of  the wave funtions (3.4.7) represent quantum wormholes joining
two asymptotially at regions with topology R
3
 S
1
. The size of the throat is
dened by the ondition 4ab = jj and does not depend on the sale fator a nor
on the parameter !. Sine ! 2 R there is a real ux of the eletri eld through
any losed hypersurfae due to the eletri eld along . The physial meaning
of this ux will be lear in a moment.
Considering a linear superposition of the wave funtions (3.4.7)
	
0
=
Z
df()	

; (3:4:9)
we an nd regular wormhole wave funtions. For instane, hoosing the Konto-
rovih-Lebedev transform (see Bateman, 1954)
f() =  tanh() ; (3:4:10)
we obtain the wave funtion
	
0
!
(a; b; A) = C
0
(!)
p
b!
! + 4b
e
 a(!+4b)
e
i!A
; ! > 0 : (3:4:11)
We an easily verify that (3.4.11) is regular and its asymptoti behaviour for b!
1 oinides with (3.4.8). Again, the wave funtion (3.4.11) an be interpreted
23
See eqs. (3.1.5,6) and Cavaglia (1994a, 1994b).
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as a wormhole generated by the eletromagneti eld joining two at R
3
 S
1
regions. Analogously to (3.4.7), the solution (3.4.11) is an eigenfuntion of the
operator p^
A
, so there is a real ux through any losed hypersurfae . The physial
interpretation of (3.4.11) must take some are sine the regularity at small three-
geometries means that the spae \loses regularly" there, so the eletromagneti
ux annot go through the wormhole throat.
This property makes (3.4.11) very dierent from any other quantum wormhole
solutions known in the literature. We have seen that there is a real ux both for
singular and regular wave funtions. For the solutions (3.4.7) this is not surpris-
ing, beause one an imagine the ux oming out or going into the singularity at
the origin. However, for (3.4.11) where an the ux go?
To answer to this question and shed light on the physial interpretation of
the solutions, we have to onsider the struture of the Eulidean eletromagneti
eld (3.2.3). The ansatz (3.2.3) represents a purely eletri eld along the 
diretion, i.e. an eletromagneti eld whose dynamis is onned in the one-
sphere with radius a. The asymptoti behaviour of the wave funtion for large
three-geometries and the radius of the throat depend on b. Hene, the dynamis
of the eletromagneti eld is deoupled from the dynamis of the wormhole
and the ux of the eletri eld must oinide for regular and non-regular wave
funtions.
Even though there are no physial harges in the eld equations
24
, the observer
in the asymptotially at region measures a real nite ux and sees an apparent
harge in the origin. Thus the geometry must be non trivial. Otherwise, sine
there are no physial soures for the eletromagneti eld, the Gauss law should
imply a vanishing ux through any losed surfae around the origin. Further, the
solution (3.4.11) desribes an asymptotially at spae, so the eletromagneti
eld is onned in a nite region. We onlude that (3.4.11) desribes the quan-
tum analogue of an eletromagneti geon beause the harge an be seen as an
eletri eld trapped in a nite region of spae, without any soure.
The interpretation skethed above agrees with the lassial piture of set. [3.2℄
{ see eq. (3.2.31). As shown there, a marosopi observer measures an apparent
eletri harge Q even though physial harges are absent. Sine the spaetime
is non-trivial, the eletri eld extends beyond an Eulidean region joined to the
isometri Reissner-Nordstrom type spaetimes via a lassial hange of signature
ourring in the naked singularity at R = 0. Indeed, the latter an be \expanded"
and ontinued analitially in the Eulidean spae, where the solution is regular.
This Eulidean region desribes the wormhole. The wave funtion (3.4.11) is the
quantum analogue of this piture. In the full quantum treatment we avoid the
problems of the lassial ase, namely the ad ho hange of signature: the solution
(3.4.11) is regular everywhere and thus desribes a geometry that loses regularly.
24
See eq. (3.2.4)
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In the lassial theory, the lines of fore of the eletri eld are onvergent at
R = 0, where the Lorentzian spaetime beomes singular. So we need a little
trik, namely the transition from a Lorentzian to an Eulidean region. In the
quantum theory, the solution is regular everywhere and no triks are neessary.
These results depend of ourse on the ansatz (3.2.3) hosen for the eletro-
magneti eld but seem not to depend on the Kantowski-Sahs geometry. Indeed,
we will see later that idential onlusions an be drawn for the Bianhi I model.
Up to now the gauge has not been xed and we have no Hilbert spae. In
order to omplete the quantisation of the model, let us disuss how the Hilbert
spae an be reovered in the Dira method. Sine the signature of the minisuper-
spae metri is positive-dened in the setor f; Ag, the setor f; p

g is the best
andidate for gauge xing. Analogously to the relativisti free massive partile
of set. [2.4℄ in order to implement the gauge xing with the Dira method it is
onvenient to perform a anonial transformation in the setor f; p

g and pass
to ation-angle variables (see Arnold, 1978). We write
 =
1
2H

arsinh

H

4
e
 

; p

=  H
2

; (3:4:12)
where H
2

= p
2

  16e
2
. Using the new variables, the extended Hamiltonian
(3.4.4) beomes
H
E
= u

p
2

+ e
2
p
2
A
+ p


: (3:4:13)
The solutions (3.4.6,7) of the Wheeler-DeWitt equation that are eigenstates of
p^
A
read in the new variables
	
(;!)
(a; ; A) = C(; !)K
i
(!a)e
 
2
+i!A
(3:4:14)
Using in (2.3.6) the quantum measure (see hapt. 5)
d[℄ =
da
a
dAd = d dAd ; (3:4:15)
and imposing the gauge
F      = 0 ; (3:4:16)
where  is a parameter, we obtain 
FP
= 1 and the salar inner produt (2.3.6)
an be written
( 
2
;  
1
) =
Z
da
a
dA 

2
 
1
; (3:4:17)
One an easily hek that the solutions (3.4.14) of the Wheeler-DeWitt equation
with a suitable normalisation fator form an orthonormal basis in the Hilbert
spae dened by (3.4.17)
( 
2
;  
1
) =
Z
1
0
da
a
dA  

(
2
;!
2
)
(a;A) 
(
1
;!
1
)
(a;A) = Æ(
1
  
2
)Æ(!
1
  !
2
) :
(3:4:18)
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To onlude this setion let us disuss briey the Bianhi I model. In this ase
the line element reads
ds
2
= N
2
()d
2
+ a
2
()d
2
+ b
2
()d
2
+ 
2
()d'
2
; (3:4:19)
where ,  and ' are dened in the interval [0; 2[. We hoose the eletri eld
along the  diretion, analogously to what done for the Kantowski-Sahs ase.
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The asymptoti behaviour of the wormhole wave funtions in terms of the
sale fators is (Cavaglia, 1994b)
	(a; b; )  exp

 
2
N
d
d
(ab)


: (3:4:20)
Note that the asymptoti behaviour of the wormhole wave funtions does not
depend on the struture onstants of the three-dimensional isometry group G
generating the homogeneous hypersurfae (see for instane Jantzen, 1984; Ryan
and Shepley, 1975), so (3.4.20) holds for the all Bianhi and Kantowski-Sahs
models. Using the lassial Eulidean equations of motion and the Hamiltonian
onstraint we nd for the Bianhi I spae (Cavaglia, 1994b)
	 e
 !a(a

b



)=2
;
 =  +  or  = 2( + )  1;
(3:4:21)
where  and  are two arbitrary positive parameters. The wormhole wave fun-
tions behave for large three-geometries essentially in two dierent ways aording
to the asymptoti three-metri. This ours beause the asymptoti region with
minimal gravitational exitation is not unique and does not have the topology
R
3
 S
1
as it happens, for instane, to the Kantowski-Sahs model. Hene, the
wormhole wave funtions that for large three-geometries behave as
	  e
 !a
2
p
b=2
(3:4:22)
represent Riemannian spaes asymptotially of the form
a = ()
 1=2
, b =  = ()
1=2
, (3.4.23a)
and
a = ()
 1=3
, b =  = ()
2=3
. (3.4.23b)
Wave funtions with behaviour (3.4.22) orrespond thus to wormholes joining
two asymptotially at regions with metri (3.4.23a,b) respetively.
25
Clearly, idential results an be obtained hoosing  or ' diretions.
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Now we are able to nd wormhole solutions for the Bianhi I model. Choosing
the Hawking-Page presription for the fator ordering (Hawking and Page, 1990),
the Wheeler-DeWitt equation an be ast in the form
	(a; b; ; A) = 0; (3:4:24)
where  is the Laplae-Beltrami ovariant operator in the minisuperspae:
 =
2


a

b
+
2
b

a


+
2
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
b


 
a
b

2
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 
b
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
2
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 

ab

2

+
+
1
b

a
 
1
a

b
 
1
ab


 
a
b

2
A
:
(3:4:25)
A set of solutions of (3.4.24) is
	(a; b; ; A; p; k; !) =
1
p
b
a
i(p+k)=2
b
ip=2

ik=2
K
i
p
pk
(!a)e
i!A
; (3:4:26)
where p, k and ! are real onstants and K is the modied Bessel funtion. As in
the Kantowski-Sahs ase, the wave funtions (3.4.28) osillate an innite number
of times approahing the origin. They are damped for large values of a but not
for large b and  beause they osillate in the (b; ) plane. This feature is not
surprising, sine we have hosen a eletromagneti eld that \lives" in the one-
sphere with radius a, so its dynamis does not depend on b and . Using the
variables log b and log , we see that the osillating fators b
ip=2
and 
ik=2
look
formally as e
i!A
. So, as far as the dynamis of the wormhole is onerned, the
sale fators b and  behave essentially as matter elds and together with A
determine the extent of the wormhole mouth. Note that for real values of ! there
is a real ux of the eletri eld through any losed T
2
(; ) surfae due to the
eletri eld along . The fator 1=
p
b is eliminated by the ovariant measure
in the integral when we deal with matrix elements.
Analogously to the Kantowski-Sahs ase, we an nd regular wormhole wave
funtions. Let us put p = 
2
k, where  is a real number, and take the Fourier
transform. We obtain (see for instane Bateman, 1954)
	(a; b; ; A;; ; !) =
Z
dke
ik
	(a; b; ; A; k; ; !)
=
1
p
b
e
i!A
e
 !a osh [log(a
+
b



)+℄
;
(3:4:27)
where  = =2 and  = 1=2. The wave funtions (3.4.27) represent Riemannian
spaes asymptotially of the form (3.4.23a) and are again eigenfuntions of the
operator p^
A
, so there is a real ux through any losed T
2
(; ) surfae analogously
to (3.4.26).
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Choosing  = 1 we obtain
	(a; b; ; ; !) =
1
p
b
e
i!A
e
 !a osh [log(a
p
b)+℄
: (3:4:28)
Now, let us put for simpliity  = 0. The solution (3.4.28) an be ast in the
form
	(a; b; ; A;!) =
1
p
b
e
 !a
2
p
b=2
e
 !=2
p
b
e
i!A
; (3:4:29)
whih oinides with a Kontorovih-Lebedev transform (see Bateman, 1954) of
(3.4.26) with respet to the index k = p. Using a dierent type of Kontorovih-
Lebedev transform we an nd a further solution
	(a; b; ; A;!) =
1
p
b

a
2
p
b 
1
p
b

e
 !a
2
p
b=2
e
 !=2
p
b
e
i!A
: (3:4:30)
The asymptoti behaviour of (3.4.29) and (3.4.30) suggests to use in the Wheeler-
DeWitt equation the new variables

2
= !a
2
p
b=2; 
2
= !=2
p
b: (3:4:31)
Realling (3.4.24) we obtain
	
n
(; ; A;!) =  
n
( + ) 
n
(   )
2
e
i!A
; (3:4:32)
where  
n
(x) is the harmoni wave funtion of order n:
 
n
(x) =
1
 
2
n
n!
p


1=2
H
n
(x)e
 x
2
=2
: (3:4:33)
Solutions (3.4.29) and (3.4.30) orrespond (apart from normalisation fators) to
	
0
and 	
1
. As in the Kantowski-Sahs ase, we have a non-zero ux even if the
wave funtions are regular for small three-geometries.
The physial interpretation of these solutions as geons and the gauge xing
implementation follow the lines of the Kantowski-Sahs ase (Cavaglia, 1994b).
3.5 Results.
Let us summarise the results that we have obtained in this hapter. We have
investigated an Eulidean minisuperspae model with symmetry R  S
1
 S
2
.
The gravitational eld is oupled to the eletromagneti eld. The study has
been performed both for Einstein gravity (lassial and quantum) and in the low-
energy string theory regime. The Eulidean solutions of the lassial equations of
motion and the solutions of the Wheeler-DeWitt equation have been interpreted
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Figure 3.2 The gure represents shematially the results obtained
from our model with symmetry R  S
1
 S
2
. One an easily see how
apparently unorrelated eets in quantum gravity are indeed stritly
related in the phenomenologial regime.
as wormholes. Further, the model leads to dierent interpretations aording to
the framework in whih the analysis is ompleted.
The Eulidean instanton found in set. [3.2℄ an be interpreted in several
ways, depending on the Wik-rotated oordinate. This is an important property
that remains true also in the low-energy string eetive theory (set. [3.3℄). The
fat that dierent omplexiations of a given Eulidean solution may lead to
dierent interpretations in the Lorentzian regime is an unexpeted and intriguing
result. This property opens the way to interesting speulations about the relations
between typial Plank-sale phenomena (topology hanges, singularities, deay
of the vauum...) and/or low-energy phenomena (eetive theory of gravity at
low-energy sales, renormalisation of oupling onstants...) { see gure 3.1. For
instane, we have seen in set. [3.3℄ that in the Jordan-Brans-Dike regime the
Eulidean instanton an be interpreted either as a tunnelling proess leading
to the nuleation of a baby universe starting from a at vauum region, or as
desribing a semilassial deay proess of the ground state of the low-energy
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string eetive theory. Further, the solution is haraterized by the Brans-Dike
parameter and its behaviour depends ruially on this parameter. This fat has
been used to show that the probability distribution for the eetive oupling
onstant is strongly peaked at the value of the eetive Brans-Dike parameter
orresponding to general relativity (Coleman's mehanism). The above result
onnets quantum gravity eets at Plank-sales with low-energy properties of
the gravitational eld (the value of oupling onstants). In this sense we an say
that the model gives \experimental preditions".
We have also seen that the theory an be dimensionally redued to a two-di-
mensional theory that exhibits a sale-fator duality symmetry whih is a gener-
alisation of the duality symmetries found for exat osmologial onformal string
bakgrounds. For a partiular value of the Brans-Dike parameter the two-dimen-
sional solution redues to a well-known string onformal bakground (Veneziano,
1991; Gasperini and Veneziano, 1992; Muller, 1990; Tseytlin and Vafa, 1992).
These two-dimensional time-dependent solutions desribe the region between the
horizon and the singularity of the blak hole solution of the two-dimensional the-
ory and lead to possible speulations about the relation between blak holes and
wormholes (see hapt. 5).
Finally, in set. [3.4℄ we have disussed the model from the point of view of
anonial quantisation. We have seen that the solutions an also be interpreted
as the quantum orresponding of an Einstein-Rosen-Misner-Wheeler eletromag-
neti geon sine the eletri harge an be viewed as eletri lines of fore trapped
in a nite region of spaetime. This interpretation makes more transparent and
mathematially oherent the semilassial suggestion of set. [3.2℄ and perhaps
an shed light on the meaning of lassial singularities in general relativity.
In onlusion, these results give a striking example of the physial information
that an be extrated fromminisuperspae models. Even though we do not expet
our model really to explain the meaning of singularities, the vauum deay, or
other proesses possibly taking plae in quantum gravity, however it represents
an intriguing \phenomenologial" piture useful to obtain some insight on these
issues and so it is worth to be explored.
4Minisuperspaes in Quantum
Cosmology: Early Universe
This hapter is devoted to minisuperspae models in osmology. The idea of
investigating the birth of the universe from the quantum point of view (quantum
osmology) dates bak to the beginning of the researh in quantum gravity (see
hapt. 1). Indeed, the present desription of the hot big bang universe is lassial;
quantisation of the metri and matter elds seems appropriate to the investigation
of the very early stages. Hene, in the past two deades the hypotesis of the birth
of the universe as a quantum eet has raised a great interest.
We have stressed in hapt. 2 that the investigation of quantum osmologial
models is very appealing for two reasons: i) there is not a omplete quantum
theory of gravitation yet, in spite of the eorts and muh progress ahieved; ii)
in the general present piture of the theoretial foundations of physis, general
relativity is believed to be the proper theory at low-energy sales and a more
fundamental theoretial struture is needed in order to represent physis at the
initial sales, when the universe gets very near to the singularity (see hapt. 1).
It is then plausible that for intermediate sales, of order of few Plank lenghts,
a redued quantum representation is eetive, namely a universe with a nite
number of degrees of freedom, similarly to what happens in eletrodynamis: at
small energies the quantum mehanis of a proton and an eletron is all we need
to understand the hydrogen atom and p   e
 
sattering. In turn this quantum
representation of the universe as a nite-dimensional system in phase spae gives
rise to a region of large sale fators where the semilassial approximation holds
and the transition to a lassial universe is thus ahieved. Finally, the formulation
of a onsistent quantum theory for these gravitational models with a nite number
of degrees of freedom is by itself a very interesting problem.
The outline of the hapter is the following. After a few general onsiderations,
in set. [4.2℄ I shall present and disuss the quantisation proedure for models
desribing the primordial universe lled with dierent elds. In the next setion
I shall illustrate in detail the model of a FRW universe lled with radiation elds
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derived from Einstein gravity. Setions [4.4-5℄ deal with a model for the birth
of the universe derived from string theory: set. [4.4℄ is devoted to illustrate the
issue of the formation of the universe evolving from the perturbative vauum of
string theory; the quantisation of the model and the graeful exit (see Gasperini
et al., 1996; Gasperini and Veneziano, 1996) will be the subjet of set. [4.5℄.
Finally, in the last setion I shall draw onlusions and introdue briey the issue
of third quantisation.
The ontent of this hapter (exept set. [4.4℄) is original work done by the
author in ollaboration with Prof. Vittorio de Alfaro (Universita di Torino) and
Prof. Alexandre T. Filippov (JINR, Dubna) (see Cavaglia and de Alfaro, 1994;
1996b; Cavaglia, de Alfaro, and Filippov, 1995a; 1995b; 1995; Cavaglia, 1994).
4.1 The Wave Funtion of the Universe.
The idea of investigating the early universe using nite-dimensional redued mod-
els dates bak to the end of sixties (Misner, 1969) (see hapt. 1). In the last
years quantum osmology has undergone a renewed interest sine the denition
of the so-alled wave funtion of the universe by Hartle and Hawking (1983) and
Vilenkin (1984).
The importane of minisuperspae models in osmology (see set. [2.6℄) is due
to the fat that these models are haraterized by a nite number of gravitational
and matter degrees of freedom. This property allows to disuss at a simpler level
the oneptual problems of quantum gravity as well as give a physial desrip-
tion { in rst approximation { of the possible quantum eets that took plae
during the rst stages of the evolution of the universe (see for instane Anini,
1991). Indeed, the standard (lassial) osmologial model annot be arbitrarily
extended bakward in time without running into inonsistenies. This implies
that the universe was in a non-lassial regime at a given time of its history. In
this regime a quantum treatment of a few degrees of freedom ould make sense
(Misner 1969, 1972).
The usual starting point for quantum osmology is the Friedmann-Robert-
son-Walker (FRW) ansatz for the line element, even though in the last years
more ompliated models, like Kantowski-Sahs and Bianhi models, have been
disussed. The use of the FRW ansatz is based on the observation that the
universe is today essentially homogeneus and isotropi and that the deviation
from homogeneity and isotropy has been growing during its thermal history. The
FRW ansatz is then appropriate to disuss the early stages of the universe if we
neglet typial eld eets as spaetime foam, topology hanges, et...
The goal of the quantum desription of the universe is to obtain the wave fun-
tion of the universe to investigate quantum mehanially the birth of the universe
(tunnelling from nothing).
1
The rst main problem in ompleting this task lies in
1
See Vilenkin (1984, 1988); Hartle and Hawking (1983).
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the fat that one deals with a losed system (the entire universe). This is stritly
related to the problem of the determination of time evolution (see set. [2.6℄) and
has an important onsequene on the denition of the observables. Indeed, there
are no \external observers" to the universe able to perform measurements. A re-
interpretation of the usual quantum mehanis (the Copenhagen interpretation)
is then neessary. We have seen in set. [2.6℄ that a areful anonial analysis
of the reparametrisation properties of minisuperspae models allows to overome
these problems.
The wave funtion of the universe an be obtained essentially through two
omplementary proedures: the path-integral formalism and the standard oper-
ator quantisation. In the rst ase the wave funtion is dened starting from a
path-integral similar to the one introdued in set. [3.1℄ to desribe wormholes.
2
In the last years a great debate has been developing about boundary onditions
to be imposed on the path-integral to obtain the orret wave funtion of the
universe { see Hartle and Hawking (1983) and Vilenkin (1984, 1995). The main
problem is the interpretation of the wave funtion so dened. The naive inter-
pretation laims that the wave funtion simply gives the probability amplitude
for a given onguration. This interpretation suers from the problem that a
inner produt is not dened. Indeed, in quantum osmologial models there is a
residual invariane under the reparametrisation of time, similar to what we nd
for the free massive partile in speial relativity, so in the path-integral approah
their anonial treatment requires an analysis of the gauge invariane and the
redution of the redundant degrees of freedom by the BRST formalism. In the
standard approah the quantisation of the system an be ompleted along the
lines disussed in hapt. 2. Solving the Wheeler-DeWitt equation is not suÆient
to determine the Hilbert spae. Indeed, the Wheeler-DeWitt equation, funda-
mental as it is, ontains well-known ambiguities about whih muh has been
written: absene of time, absene of onserved urrent, hoie of boundary on-
ditions, interpretation of the wave funtions and normalisation, and so on. The
gauge xing proedure allows to overome these ambiguities. We shall see in the
following that the redution method is the best suited proedure for quantum
osmologial models.
4.2 Cosmologial Models Coupled to Dierent Fields.
We shall apply the ideas exposed in set. [2.6℄ to some simple general ases of
relevane to the disussion of FRW or de Sitter models oupled to zero-modes of
dierent elds (Cavaglia, de Alfaro, and Filippov, 1995a; 1995b; 1995). In the
next setion we shall apply the tehniques disussed here to models derived from
Einstein general relativity; set. [4.5℄ will be devoted to the low-energy eetive
string theory.
2
Of ourse the signature is now Lorentzian.
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For the models under onsideration the onstraint (2.6.3) has the form
H 
1
2
p
2
0
+ V (q
0
) H
1
(q
i
; p

) = 0 ; (4:2:1)
where we may identify q
0
as the gravitational degree of freedom, even though this
is not always needed (see next setion).
In the relevant models the onstraint turns out to be separable. Let us assume
that the zeroth degree of freedom has the form of a harmoni osillator: we shall
see in the next setion that this happens, for instane, when we deal with a
onformal salar eld or a FRW losed metri.
3
So we have
V (q
0
) =
1
2
q
2
0
; (4.2.2a)
H
1
 H
1
(q

; p

) : (4.2.2b)
We hoose the anonial transformation (2.6.5) as
P
0
= p
0
+ q
0
tg t ; (4.2.3a)
Q
0
= q
0
; (4.2.3b)
and the gauge-xing ondition to be of the form (see hapt. 2)
4
F  p
0
+ q
0
tg t = 0 : (4:2:4)
By the method exposed in set. [2.6℄ one obtains a very interesting result for the
eetive Hamiltonian on the gauge shell:
H
e
= H
1
: (4:2:5)
The simpliity of (4.2.5) shows the interest of the gauge-xing (4.2.4). Note that
the gauge identity (4.2.4) xes the Lagrange multiplier as
u(t) =  1 : (4:2:6)
Thus u(t) is t-independent. Finally, the quantisation an be ompleted writing
the Shrodinger equation as in (2.3.16). In this problem the natural hoie of the
global time is thus artg q
0
=p
0
as one sees from (4.2.4).
Intuitively it is appealing to identify q
0
(or even p
0
) with time. Let us see
what happens if one assumes gauge-xing onditions of the form
3
See also Cavaglia, de Alfaro, and Filippov (1995a, 1995b, 1995).
4
Gauge-xing onditions of this kind were introdued by Filippov (1989) in the on-
text of a gauge approah to systems of many relativisti partiles.
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p
0
=
p
2 t ; or q
0
=  
p
2 t : (4.2.7)
We have respetively
u(t) =  
p
2
q
0
; u(t) =  
p
2
p
0
: (4:2:8)
With this hoie the eetive (non-loal) Hamiltonian is time-dependent:
H
e
= 2
p
H
1
  t
2
: (4:2:9)
The positive-deniteness of the operator under square root implies that the sup-
port of q
0
or p
0
(and thus of the time) is restrited, in agreement with the general
properties of the osillatory motion in q
0
, p
0
.
5
One sees the advantage of the
gauge hoie (4.2.4) sine in that ase H
e
is independent of time and loal.
6
Using the general approah outlined in set. [2.6℄ it is easy to nd the gauge
transformation relating both gauges
7
. Let us distinguish the variables in the two
gauges by the supersript (i), where i = 1 for the gauge (4.2.4) and i = 2 for the
gauge q
0
=  
p
2t. Then u
(1)
= u
(2)
+ _ and
q
(1)
0
= q
(2)
0
os() + p
(2)
0
sin() ; p
(1)
0
=  q
(2)
0
sin() + p
(2)
0
os() ; (4:2:10)
where
  (t) =  t+ arsin

t
H
1

: (4:2:11)
Note that sine
H
1
(q

; p

) =
1
2
(p
2
0
+ q
2
0
) ; (4:2:12)
is a gauge-invariant funtion of the variables, q

; p

need not be transformed.
8
In the next setion we shall enounter a quarti potential when we shall disuss
the zero-mode of the Yang-Mills eld and the ase of the osmologial onstant.
So let us disuss the gauge-xing when V (q
0
) of (4.2.1) has the form
V (q
0
) = kq
2
0
  q
4
0
; (4:2:13)
5
Indeed we have H
1
 t
2
>0 that implies p
2
0
<2H
1
or q
2
0
<2H
1
for (4.2.7) respetively.
6
Thus the gauge xing onditions (4.2.7) are not suited for the quantisation of the
system.
7
It is not so easy for the more ompliated Lagrangians onsidered below beause the
equations for the gauge transformations are non-linear.
8
Of ourse a non-ompat osillator requires hyperboli funtions in plae of irular.
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and (4.2.2b) holds. In this ase it is onvenient to hoose as new anonial
oordinates (2.6.5)
P
0
= p
0
 
p
2
 
q
2
0
+ g(t)

; (4.2.14a)
Q
0
= q
0
; (4.2.14b)
where g(t) = t
2
  k=2. The gauge-xing ondition is
p
0
=
p
2
 
q
2
0
+ g(t)

; (4:2:15)
whih together with (4.2.1) allows to x the Lagrange multiplier u(t) as
u(t) =  
1
p
2tq
0
: (4:2:16)
The eetive Hamiltonian in the physial degrees of freedom beomes
H
e
=
p
2 _g(t)Q

: (4:2:17)
Now Q

must be obtained from the onstraint as in (2.6.8). We have
Q
2

=
1
k + 2g(t)
(H
1
  g
2
(t)) ; (4:2:18)
and thus
H
e
= 2
p
H
1
  (t
2
  k=2)
2
: (4:2:19)
It is evident that the nal form of H
e
is not simple and is time-dependent.
9
Time is essentially xed by (4.2.15) as a funtion of p
0
and q
0
.
Now let us give some hints about the ase of a general potential in (4.2.1).
10
Eq. (2.6.8) that denes Q

(q

; p

; t) is now

1
2
 
f
;Q
0
(Q
0
; Q

; t)

2
+ V (Q
0
) H
1
(Q
0
; Q

; P

+ f
;Q

)

Q
0
=Q

= 0 : (4:2:20)
From (4.2.20) we see that a good hoie for f is f  f(Q
0
; t); now one needs to
onnet f
;Q
0
to f
;t
. We may proeed for instane as follows. Set
1
2
 
f
;q
(q; t)

2
+ V (q) = g(t) F (q) ; (4:2:21)
9
The partiular ase k=0, =0 has been reently disussed by Lemos (1996). In
this ase the eetive Hamiltonian does not depend on time and a sensible quantum
mehanis an be developed.
10
Often this proedure is not the best one to follow as it happens, for instane, in the
ase just disussed.
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where g(t) and F (q) are arbitrary funtions of t and q respetively. Then
f(Q
0
; t) =
p
2
Z
Q
0
dq

H
1
(q;Q

; P

)  V (q)

1=2
; (4:2:22)
and the eetive Hamiltonian has the expression
H
e
=
_g
p
2
Z
Q

dq
p
F (q)

g(t) 
V (q)
F (q)

 1=2
: (4:2:23)
We have still the freedom to hoose F (q) so as to simplify the expression (4.2.22):
for instane, if V (q
0
) is of the form q
2
0
v(q
0
) with v(q
0
) a polynomial, then F = q
2
is a suitable hoie. Of ourse if the potential is partiularly simple one may set
F (q) = V (q) : (4:2:24)
Then
H
e
=
p
2
d
dt
(g   1)
1=2
Z
Q

dq
p
V (q) : (4:2:25)
Note that H
e
is in general time-dependent also beause of Q

. Finally, the
Lagrange multiplier is
u(t) =

 
f
;tq
0
V
0
(q
0
) + f
;q
0
f
;q
0
q
0
 H
1;q
0
(q
0
; q

; f
;q

)

q
0
=Q

: (4:2:26)
The previous results about the harmoni osillator an be obtained from these
general formulae hoosing
f(q
0
; t) =  
1
2
q
2
0
tg t : (4:2:27)
Let us now apply the method disussed above to a onstraint of the form
H =
1
2
p
2
0
 
1
2q
2
0
p
2
1
  q
4
0
V
1
(q
1
) + V
0
(q
0
) = 0 : (4:2:28)
We will see in the next setion that this ase orresponds to the zero-mode of a
salar eld minimally oupled to gravity. Now Q

(q

; p

; t) is dened by

1
2
 
f
;Q
0
)
2
 Q
4
0
V
1
(Q
1
) + V
0
(Q
0
)  (P
1
+ f
;Q
1
)
2
1
2Q
2
0

Q
0
=Q

= 0 : (4:2:29)
Choosing f  f(Q
0
; t) and setting
1
2
 
f
;q
(q; t)

2
+ V
0
(q)  q
4
g(t) ; (4:2:30)
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we obtain the eetive Hamiltonian
H
e
=
_g
p
2
Z
Q

dqq
2

g(t) 
V
0
(q)
q
4

 1=2
; (4:2:31)
where
Q

=

P
2
1
2
 
g(t)  V
1
(Q
1
)


1=6
: (4:2:32)
In partiular, if
V
0
(q
0
) = q
4
0
; (4:2:33)
eq. (4.2.31) beomes
H
e
= 
1
3
d
dt
p
g   1
P
1
 
g(t)  V
1
(Q
1
)

1=2
: (4:2:34)
Analogously to the ases disussed before, a suitable hoie for g(t) simplies
the eetive Hamiltonian. Clearly, (4.2.34) depends expliitly on time and is
non-loal. Finally the Lagrange multiplier reads
u(t) =

 
q
0
f
;tq
0
2V
0
+ q
0
V
0
0
  6q
4
0
V
1
+ f
;q
0
 
f
;q
0
+ q
0
f
;q
0
q
0


q
0
=Q

: (4:2:35)
Let us disuss the simple ase V
1
(q
1
) = 0 and V
0
(q
0
) = q
2
0
.
11
In this ase it is
onvenient to hoose
f(q
0
; t) =
1
p
2
q
2
0
sinh t : (4:2:36)
Using (4.2.29) we nd that Q

(Q

; P

; t) is dened by
Q
2

= 
1
p
2
P
1
osh t
; (4:2:37)
and the eetive Hamiltonian (4.2.34) beomes
H
e
= 
1
2
P
1
(4:2:38)
A surprising feature of (4.2.34) and (4.2.38) is that the eetive Hamiltonian is
linear in P
1
.
11
We will not give here a omplete disussion of the gauge redution of (4.2.28) sine
the oupling term q
4
0
V
1
(q
1
) makes it diÆult to obtain a simple eetive Hamiltonian.
However, when the system is separable, the problem of nding the proper time gauge
is redued to quadratures.
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To onlude this setion let us disuss briey the quantisation a la Dira.
Consider for simpliity the ase (4.2.1,2). In this ase the Dira method an be
implemented by the anonial transformation in the setor fq
0
; p
0
g
Q
0
= artan
q
0
p
0
; P
0
=
1
2
(p
2
0
+ q
2
0
) : (4:2:39)
Using (4.2.39) the onstraint beomes
H = P
0
 H
1
(q

; p

) = 0 : (4:2:40)
The system an be quantised using the quantum measure (2.3.8) and as a onse-
quene (2.3.9) as the operator representation.
12
The Wheeler-DeWitt equation
is thus
^
H
1
(q

; p^

)	(q

; Q
0
) = i

Q
0
	(q

; Q
0
) : (4:2:41)
The gauge an be xed by the ondition
F  Q
0
  t = 0 : (4:2:42)
where t is a parameter. Using (4.2.42) the Faddeev-Popov determinant (2.3.7)
is 
FP
= 1 and the equation (4.2.41) oinides with the Shrodinger equation
(2.3.16) in the redued spae dened by the eetive Hamiltonian (4.2.5). In the
next setion we shall apply all these results to some example of minisuperspae
models.
4.3 FRW-like Universes Filled with Radiation and Matter Fields.
In this setion our aim is to apply the tehniques developed in the previous
setion to models desribing FRW-like universes lled with radiation and matter
elds, thus a single gravitational degree of freedom, its sale fator a (Cavaglia,
de Alfaro, and Filippov, 1995a; 1995b; 1995).
Aiming to have onsistently radiation with the same symmetry as the FRW
metri, we shall introdue an SU(2) Yang-Mills eld and onsider its zero-mode
(Henneaux, 1982; Cavaglia and de Alfaro, 1994). Of ourse, the presene of a
Yang-Mills eld is very welome, as the SU(2) Yang-Mills eld is a gauge eld,
and gauge elds onstitute a fundamental ingredient of matter. This model has
the right properties of a radiation-dominated universe, i.e. a separable Wheeler-
-DeWitt onstraint, orresponding to the lassial property of radiation density
saling as a
 4
. A further omponent of matter that does not spoil this simpliity is
a onformal salar eld, and we shall introdue its zero-mode for ompleteness.
13
12
Where of ourse q
0
!Q
0
, p
0
!P
0
.
13
See also the reent disussion by Lemos (1996).
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The model under onsideration does not ontain, as it stands, interation
terms produing ination; ination must be introdued by hand in the Lagrangian
in the form of a osmologial term and we shall disuss briey a form of gauge
xing for this ase. The next step will be to onsider a minimally oupled salar
eld. This is of great interest as it introdues a oupling to gravitation that
indues ination in a dynamial way.
The ation for Einstein gravity minimally oupled to the SU(2) Yang-Mills
eld A and the onformal salar eld ' is the sum of three terms:
S = S
GR
+ S
YM
+ S
CS
; (4:3:1)
where S
GR
represents the Einstein-Hilbert ation (2.5.13) and the seond and
third terms represent respetively the Yang-Mills and the onformal salar eld
ations
S
YM
=
1
2
Z
F ^

F ; (4.3.2a)
S
CS
=
1
2
Z
d
4
x
p
 g



'

'+
1
6
R'
2

: (4.3.2b)
In (4.3.2a) F = dA+A^A is the eld strength two-form and we have set equal
to one the gauge oupling onstant.
We shall study a spaetime of topology R, where  is a homogeneous and
isotropi three-surfae. Following Henneaux (1982) we write
ds
2
=  N
2
(t)dt
2
+ a
2
(t) !
p

 !
p
; (4:3:3)
where !
p
are the one-forms invariant under translations in spae and N(t) is the
lapse funtion. The osmi time orresponds to N = 1 and the onformal time to
N = a. In the ases we disuss here, the !
p
's satisfy the Maurer-Cartan struture
equations
d!
p
=
k
2

pqr
!
q
^ !
r
; (4:3:4)
where k = 0; 1 and thus the metri (4.3.3) desribes a at or a losed Friedmann-
Robertson-Walker universe respetively. When k = 1, (4.3.3) has the SU(2)
L
 SU(2)
R
group of isometries. Using (4.3.3) and integrating over the spatial
variables, apart from the (nite or innite) spae volume fator the gravitational
ation reads
S
GR
= 6
Z
dt

 
a _a
2
N
+ kNa 

3
Na
3

: (4:3:5)
Introduing the onjugate momentum
p
a
=  12
a _a
N
; (4:3:6)
4.3 FRW-like Universes Filled with Radiation and Matter Fields 89
the ation (4.3.5) an be ast in the form
S
GR
=
Z
dt

p
a
_a +
N
a
H
GR

; (4:3:7)
where H
GR
is
H
GR
=
1
12

1
2
p
2
a
+ V
a
(a)

; (4:3:8)
and
V
a
(a) = 72a
2

k  

3
a
2

: (4:3:9)
Let us now introdue a Yang-Mills eld onguration with the same symmetry
as the metri. We shall onsider a Yang-Mills group SU(2) for simpliity and a
form of the Yang-Mills eld with a single degree of freedom that was proposed
by Henneaux (1982) (see also Cavaglia and de Alfaro, 1994); the ase of a more
general group has been investigated by Bertolami et al. (1991). The form of the
eld, written in the dreibein otangent spae, is
A =
i
2
(t)
p
!
p
: (4:3:10)
where 
p
are the Pauli matries. With the denition (4.3.10) A is evidently left-
invariant; it is also right-invariant up to a gauge transformation (Henneaux, 1982;
Galt'sov and Volkov, 1991). (t) is the single degree of freedom of the Yang-Mills
eld.
The eld strength F is:
F =
i
2

p
_
 dt ^ !
p
+
i
4

r

rpq
(k   )!
q
^ !
r
: (4:3:11)
Using (4.3.11) the ation of the Yang-Mills eld (4.3.2a) reads
S
YM
=
3
2
Z
dt

a
N
_

2
 
N
a

2
(k   )
2

: (4:3:12)
Introduing the onjugate momentum
p

= 3
a
N
_
 ; (4:3:13)
the ation (4.3.12) an be ast in the form
S
YM
=
Z
dt

p

_
  
N
a
H
YM

; (4:3:14)
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where
H
YM
=
1
3

1
2
p
2

+ V

()

; (4:3:15)
and
V

() =
9
2

2
(k   )
2
: (4:3:16)
Finally, let us disuss the onformal salar eld. Using (4.3.3) the onformal
salar eld ation beomes
S
CS
=
1
2
Z
dt

a
N
(a _'+ _a')
2
  kNa'
2

: (4:3:17)
The ation (4.3.17) an be simplied dening the resaled salar eld  = 'a. In
terms of  (4.3.17) reads
S
CS
=
1
2
Z
dt

a
N
_
2
  k
N
a

2

: (4:3:18)
Introduing as in the previous ases the onjugate momentum
p

=
a
N
_ ; (4:3:19)
(4.3.18) beomes
S
CS
=
Z
dt

p

_ 
N
a
H
CS

; (4:3:20)
where
H
CS
=
1
2
 
p
2

+ k
2

: (4:3:21)
In the onformal gauge N = a, when k = 1, the Hamiltonian (4.3.21) desribes a
one-dimensional harmoni osillator in the  variable.
The 00 omponent of the Einstein equations of motion is the onstraint equa-
tion
H
YM
+H
CS
= H
GR
: (4:3:22)
From the equations of motion for the Yang-Mills and the onformal salar elds
it is easy to obtain

a
N
_


2
+ 
2
(k   )
2
= K
2
YM
; (4.3.23a)

a
N
_

2
+ k
2
= K
2
CS
; (4.3.23b)
where K
YM
and K
CS
are onstants; using (4.3.23), (4.3.22) beomes
a
2
_a
2
N
2
+

ka
2
 

3
a
4

=
1
12
K
2
; (4:3:24)
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where
K
2
= 3K
2
YM
+K
2
CS
: (4:3:25)
The meaning of K
2
is made lear in the osmi gauge. Setting N = 1, (4.3.24)
reads
_a
2
a
2
+
k
a
2
=

3
+
1
12
K
2
a
4
: (4:3:26)
We see that, as due to radiation, the energy density sales as a
 4
. Thus
K
2
= 2(a = 1) ; (4:3:27)
and the meaning of K
2
is obvious: K
2
=2 is the energy density of the radiation
in a FRW universe with sale fator a of one (Plank length).
Now let us quantise the system. The omplete ation of our radiation lled
universe is
S =
Z
dt
 
p
a
_a+ p

_
 + p

_ H
E

; (4:3:28)
where the extended Hamiltonian is
H
E
 u[H
YM
+H
CS
 H
GR
℄ ; (4:3:29)
and the Lagrange multiplier is
u(t) =
N(t)
a
: (4:3:30)
We see that we may hoose the gauge-xing in essentially dierent ways. A very
spontaneous and physially appealing hoie onsists in using the gravitational
degree of freedom as onneted to time. Let us rst disuss the ase  = 0, i.e.
the absene of the osmologial term, and a losed universe, k = 1. Then H
GR
is a harmoni osillator and we may use the gauge-xing identity of the form
(4.2.4),
14
F  p
a
+ 12a tg t
f
= 0 ; t
f
 t: (4:3:31)
As a onsequene, the Lagrange multiplier is xed as
u(t
f
) = 1 : (4:3:32)
This gives the onformal time gauge ondition, N = a.
With this hoie of time, the Hamiltonian is time-independent; the Shrodin-
ger equation on the gauge shell takes the form
i

t
f
 (; ; t
f
) =
 
H
CS
+H
YM

 (; ; t
f
) : (4:3:33)
14
Or (4.2.42) in the Dira formalism.
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In this gauge the lassial Friedmann equation (4.3.24) for k = 1 and  = 0
reads
_a
2
+ a
2
=
K
2
12
 a
2
M
; (4:3:34)
and a solution for the lassial motion is
a = a
M
sin t
f
(4:3:35)
From the denition of p
a
, eq. (4.3.6), we have
p
a
=  12 _a (4:3:36)
in agreement with the gauge ondition (4.3.31). Note that with the present
denition of time, t
f
= artg a= _a, the region 0  t
f
 =2 maps the expanding
phase of the losed universe. Boundary onditions are of ourse expressed in the
form
 (; ; t
f
= t
0
) = f(; ) : (4:3:37)
Eq. (4.3.33) expresses the evolution of the onguration in the onformal time t
f
and represents as usual in quantum mehanis the orrelation amplitude for the
dierent omponents of matter (;  in the present ase) in the universe.
Let us point out that a gauge hoie identifying a with time,
15
a =
jt
a
j
p
6
; t
a
 t ; (4:3:38)
leads to a non-loal time-dependent Hamiltonian
16
H
e
= 2
p
H
YM
+H
CS
  t
2
a
: (4:3:39)
The real problem omes with a osmologial term. In that ase V
a
has the
form (4.3.9) and we then use the form (4.2.23) with g ! 12g for H
e
with the
hoie F (a) = a
2
. Then
H
e
=
p
6 _g
Z
da a
 
g   6k + 2a
2

 1=2
= 
1
2
p
2
_g
g
1=2
 
g(g   6k) + 2(H
YM
+H
CS
)

1=2
:
(4:3:40)
Let us now disuss an interesting dierent gauge-xing for the present ase. We
ould very easily hoose the time so as to be onneted to the onformal salar
degree of freedom, sine its Hamiltonian is a simple harmoni osillator.
17
15
This hoie has been reently disussed by Lemos (1996).
16
The eetive Hamiltonian does not depend on time if k=0. See Lemos (1996).
17
This leads to ambiguities, already present in the lassial disussions of the Wheeler-
DeWitt equation, about the self-adjointness of the quantum Hamiltonian H
GR
, and the
dierential representation of the (now) operator p^
a
. This hoie has been reently
investigated by Lemos (1996).
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Let us write the gauge-xing ondition as
F  p

   tg t
s
= 0 ; t
s
 t : (4:3:41)
Again this is a onformal time gauge, u(t
s
) = 1. With this hoie of time the
Shrodinger equation takes the form
i

t
s
 (a; ; t
s
) =
 
H
YM
 H
GR

 (a; ; t
s
) : (4:3:42)
The gauge identity (4.3.41) onnets the time to a physially unlear entity as
the onformal salar eld. However, this form is suited to disuss orrelation
between a and . We will see that we may draw some onsequenes in agreement
with the orrespondene priniple. Sine t
s
is physially not well-dened, let us
diret attention to stationary states. With
 (a; ; t
s
) = e
 iEt
s
(a; ) ; (4:3:43)
we obtain the stationary Shrodinger equation
 
H
YM
 H
GR

(a; ) = E(a; ) : (4:3:44)
This equation is similar to the Wheeler-DeWitt equation for pure gravity oupled
to the Yang-Mills eld (see Cavaglia and de Alfaro, 1994; Bertolami and Mour~ao,
1991), the dierene being the presene of the term E. The separability of the
equation is the quantum form of the request that the density sales like a
 4
. Let
us write
(a; ) = (a)() : (4:3:45)
The equation for the Yang-Mills wave funtion is
1
3

1
2
p
2

+ V

()

() = E
YM
() : (4:3:46)
For the gravitational degree of freedom, again in the ase of a losed universe we
have
1
12

1
2
p
2
a
+ V
a
(a)


n
(a) = E
g
n

n
(a) : (4:3:47)
The gravitational degree of freedom is a harmoni osillator. So we set the bound-
ary ondition at a ! 1 by asking the square integrability of the wave funtion
(for this suggestion see e.g. Cavaglia and de Alfaro, 1994; Conradi and Zeh,
1991; Kung, 1993). About the ondition at a = 0, if we ask that  ! 0, then
p
a
=  id=da is formally Hermitian and H
GR
is self-adjoint. Let us aept for the
moment these boundary onditions. Then the spetrum is given by the odd part
of a harmoni osillator (n
g
odd)
E
g
n
=
1
2
+ n
g
(4:3:48)
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and the wave funtions are the harmoni osillator ones (Cavaglia and de Alfaro,
1994). The eigenvalues of the two degrees of freedom are onneted by
E
g
n
= E
YM
n
  E : (4:3:49)
Let us now onsider the orrespondene priniple with the lassial gravitational
motion for large osillator quantum numbers n
g
in the gauge u(t
s
) = 1 (Cavaglia
and de Alfaro, 1994). We interpret of ourse, as we are led by the Shrodinger
equation, j j
2
as the probability density for the value a for the sale fator, to
be ompared through the orrespondene priniple to the lassial probability
density in the onformal time gauge distribution of the physial quantity a for
an ensemble of trajetories. Now this is inversely proportional to the speed of a
in that time gauge. Thus (probability not normalised)
P
l
(t) =
1
da=dt
: (4:3:50)
From the lassial equation of motion (4.3.34) we have in the onformal time
gauge
P
l
(t) =
1
p
a
2
M
  a
2
: (4:3:51)
Now for the harmoni osillator

av
j 
n
(a)j
2
!
1
p
a
2
M
  a
2
: (4:3:52)
So from the boundary onditions hosen it follows that the orrespondene prin-
iple works properly in the onformal gauge N = a as noted by Cavaglia and de
Alfaro (1994).
The extension of the disussion of the orrespondene priniple to the ase of
a universe with a osmologial term an be arried out along the same lines.
To onlude this setion, let us explore briey the ase of gravity minimally
oupled to a salar eld . Its ation is
S
MS
=
Z
d
4
x
p
 g

1
2




  V ()

; (4:3:53)
and the omplete spae density ation in minisuperspae redues to
S =
Z
dt fp
a
_a+ p

_
 H
E
g ; (4:3:54)
where the extended Hamiltonian is
H
E
 u(H
MS
 H
GR
) ; H
MS
=

1
2
p
2

a
2
+ a
4
V ()

: (4:3:55)
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Let us put, for simpliity, V () = 0 and onsider a losed universe k = 1. Note
that analogous results hold for the at ase k = 0.
18
Using the linear gauge-xing
F  p
a
  12a sinh (t
ms
=
p
3) = 0 ; t
ms
 t ; (4:3:56)
we obtain the eetive Hamiltonian
H
e
= p

: (4:3:57)
We are essentially in the onformal gauge, indeed from (4.3.56) we have
u =
1
2
p
3 osh (t
ms
=
p
3)
: (4:3:58)
Then the Shrodinger equation is


t
ms




 = 0 ; (4:3:59)
whih has the general solution
 = f( t
ms
) : (4:3:60)
The orrespondene priniple works orretly also in this ase. To see this, we
need the lassial equations of motion in the gauge (4.3.56). The Friedmann
equation is now
a
2
_a
2
N
2
+ a
2
=
1
12a
2
K
2

: (4:3:61)
Substituting (4.3.58), we easily nd
a =

K
2

12

1=4
1
q
osh (t
ms
=
p
3)
: (4:3:62)
Note that (4.3.62) agrees with the gauge ondition (4.3.56). From the equation
for 
_
 =
N
a
3
K

; (4:3:63)
using (4.3.58) and (4.3.62) we obtain
_
 = 1, i.e.  = t
ms
. This result agrees
with the quantum solution (4.3.60). Indeed, let us onsider a wave paket of the
form
 = Ae
 (t
ms
)
2
=2
; (4:3:64)
18
This ase orresponds indeed to the low-energy eetive string model with =0 and
will be disussed in detail in set. [4.5℄.
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where A and  are two onstants. Clearly, (4.3.64) represents a quantum loalized
universe whose maximum probability follows the lassial trajetory <  >=
t
ms
.
4.4 String Cosmology.
String theory is at the moment one of the best andidates for the ultimate theory
of gravity. The possibility that the short-distane modiations of general relativ-
ity due to string theory be ruial in order to understand long-standing problems
of quantum gravity { as the nature of the initial singularity { has stimulated the
investigation of string osmologial models during the last years. In partiular
ritial and non-ritial string osmologial solutions have been disovered and
analysed in detail (see Cadoni and Cavaglia, 1995a and referenes therein). The
typial feature of these solutions is the sale-fator duality (target-spae duality)
that is at the basis of the alternative piture of the birth of the universe proposed
in the early 90's by Gasperini and Veneziano (1992).
19
In the ustomary standard model for the thermal history of the universe, all
physial quantities as urvature, energy density, temperature, inrease monoton-
ially going bakward in time and beome innite at a given time in the past
(initial singularity or big bang). We have already remarked that this fat is usu-
ally interpreted as a failure of general relativity. Symmetries of string theory
provide an alternative piture. In this framework the birth of the universe oin-
ides with the transition between a pre-big bang aelerated phase and the usual
post-big bang deelerated phase, traed by a maximum value of the urvature (see
Gasperini and Veneziano, 1992, 1993). Let us see this point in detail.
Our starting point is the low-energy eetive ation for string theory in D-
dimensions
S =
1
2
2
s
Z
V
d
D
x
p
 ge
 2
(R+ 4



  2) ; (4:4:1)
where  > 0 is the osmologial onstant
20
and 
s
is the fundamental string-
lenght parameter.
The main argument supporting the pre-big bang piture is the property of the
ation (4.4.1) to be invariant under the disrete transformation
a
i
! a
 1
i
; !   ln a
i
; (4:4:2)
where a
i
are the sale fators of the diagonal, not neessarily isotropi, D-dimen-
sional spatially at metri
21
ds
2
=  dt
2
+ a
2
i
(t)dx
i
dx
i
: (4:4:3)
19
We have already met the sale-fator duality in hapt. 3, see eq. (3.3.17).
20
=0 if the dimension of the spaetime is ritial.
21
This transformation an be generalised in several ways. In partiular it an be
extended to inlude non-diagonal line elements. In this ase the transformation mixes
the omponents of the metri and the omponents of the antisymmetri tensor (see
Gasperini et al., 1996).
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The disrete symmetry (4.4.2) implies that for any solution with dereasing salar
urvature, there exists a solution with inreasing salar urvature. By the same
transformation the Hubble parameter hanges sign, so an expanding solution is
mapped in a ontrating one and vieversa. Further, sine the solutions with de-
reasing monotoni behaviour of the salar urvature are dened on a half line in
the time parameter
22
one an reverse the sign of t when performing the disrete
transformation (4.4.2). The nal result is that we an assoiate to any given deel-
erated and monotonially dereasing salar urvature solution an aelerated and
monotonially inreasing salar urvature solution through the transformation
a(t)! a
 1
( t) : (4:4:4)
Note that the presene of the dilaton is essential. Indeed, in the ase of vanishing
dilaton (4.4.4) redues to the trivial time reversal transformation
a(t)! a( t) : (4:4:5)
In this ase the duality symmetry is alled \broken".
In this framework the initial singularity an be avoided by a transition, at
t = 0, between the two regimes onneted by the transformation (4.4.4) (grae-
ful exit). In this ase string osmology desribes the formation of a FRW-like
universe with essentially the present harateristis as evolving from the string
perturbative vauum.
At the lassial level the transition from the aelerated phase to the deel-
erated one an be obtained if one nds an exat solution joining smoothly the
two regimes. However, a smooth transition requires at least the introdution
of seond-order terms in the low-energy ation.
23
A seond possibility is given
by the hypotesis of a tunnelling in the quantum osmologial regime. This ap-
proah to the problem has been reently proposed by Gasperini and Veneziano
(1996). The idea is very simple. In the ustomary quantum gravity approah
to the origin of the universe (see for instane Vilenkin, 1995), use is made of
the Wheeler-DeWitt equation whose solutions with appropriate boundary on-
ditions desribe the tunnelling from nothing.
24
In string osmology the birth of
the universe is desribed by a transition from an initial pre-big bang phase to
the present one. So in the quantum piture the analogous of the string transition
proess is represented by a sattering and reetion of the Wheeler-DeWitt wave
funtion in superspae (Gasperini and Veneziano, 1996; Gasperini et al., 1996).
One an imagine that the transition between the pre-big bang and the post-big
bang regimes be forbidden by a sort of potential barrier. However, quantum me-
hanially one expets a small, but not vanishing, probability of transition. The
22
I.e., by a suitable hoie of the initial onditions, for t>0.
23
For the proof, see Kaloper et al. (1995).
24
See set. [4.1℄.
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alulation of this probability needs of ourse the building up of a mathematially
self-onsistent quantum model, together with the determination of an univoal
time parameter and the Hilbert spae (Cavaglia and de Alfaro, 1996b). This
programme will be the subjet of the next setion.
4.5 Birth of the Universe as Wave Funtion Reetion.
Let us start from the four-dimensional version of the ation (4.4.1) and the usual
FRW line element ansatz (4.3.3). Aordingly the dilaton eld is assumed to
depend only on time. Dening
 = ln a; ' =  
3
2
ln a ; (4:5:1)
(' is usually alled the shifted dilaton eld { see Gasperini et al, 1996) and using
the Lagrange multiplier
u = N e
2'
; (4:5:2)
the ation (4.4.1) beomes
25
S =
V
2
2
s
Z
dt

3
_
2
u
  4
_'
2
u
+ ue
 4'
 
6ke
 2
  2


; (4:5:3)
where V is the spatial volume element with a = 1 and dots represent dierenti-
ation with respet to t. In the following we will set V=2
2
s
= 1. The anonial
form of the ation (4.5.3) is
S =
Z
dt f _p

+ _'p
'
 H
E
g ; (4:5:4)
where
p

= 6
_
u
; p
'
=  8
_'
u
; (4:5:5)
are respetively the onjugate momenta of  and ', and
H
E
 uH = u
"
p
2

12
 
p
2
'
16
+ 2e
 4'
  6ke
 2
#
; (4:5:6)
is the extended Hamiltonian. From now on, sine the string osmologial piture
requires a spatially at manifold, we shall set k = 0.
4.5.a Critial Dimension Case.
Let us disuss rst the ase of null osmologial onstant, orresponding to a
string with ritial dimensions (Veneziano, 1991; Gasperini and Veneziano, 1993).
25
As usual we have integrated on surfaes at onstant time and negleted inessential
surfae terms.
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In this ase the idea of wave reetion annot be implemented beause the solu-
tions are free waves. However, it is interesting to investigate this model sine all
the ingredients for the disussion of the wave funtion reetion are already on-
tained in it. In this ase the extended Hamiltonian orresponds to the D'Alembert
one
H
E
 uH = u
"
p
2

12
 
p
2
'
16
#
: (4:5:7)
The nite gauge transformation (2.2.5) an be integrated expliitly (Cavaglia and
de Alfaro, 1996b). The result is
 = 
0
+
p

6
 ; (4.5.8a)
p

= onstant ; (4.5.8b)
' =  
p
'
8
 ; (4.5.8)
p
'
= onstant ; (4.5.8d)
 =
Z
t
t
0
u(t
0
) dt
0
; u(t
0
) > 0 : (4.5.8e)
where 
0
, p

, and p
'
are gauge-invariant quantities.
Let us disuss briey the solution (4.5.8) and onnet the Gasperini-Veneziano
(1996) parameter t
GV
to the parameter  . The two parameters are related by
dt
GV
= e
 2'
d ; (4:5:9)
that is
p
'
t
GV
= 4e
p
'
=4
: (4:5:10)
From (4.5.10) we see that the sign of t
GV
is related to the sign of p
'
. This will
be relevant to identify the pre-big bang and the post-big-bang branhes. Using
(4.5.10) in (4.5.8a) and realling (4.5.1) the solution for the sale fator a in the
Gasperini-Veneziano time reads
a = a
0
(t
GV
)
2p

=3p
'
; (4:5:11)
where a
0
is a onstant and t
GV
> 0 for p
'
> 0 and t
GV
< 0 for p
'
< 0.
From (4.5.11) we see that the post-big bang regime (t
GV
> 0 and expanding
sale fator) and the pre-big bang regime (t
GV
< 0 and ontrating sale fator)
require p

> 0. Thus the post-big bang phase is identied by p

> 0 and p
'
> 0;
the pre-big bang phase by p

> 0 and p
'
< 0. Finally, setting the onstraint to
zero, we obtain the on-gauge shell solution of Gasperini et al. (1996).
We may dene new variables similarly to those dened for the relativisti free
massive partile of set. [2.4℄ (ation-angle variables)
 = 6

p

; (4.5.12a)
p

=
1
12
p
2

; (4.5.12b)
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that will be used later. The Poisson braket of  and p

is obviously

; p


P
= 1 : (4:5:13)
Thus f'; p
'
; ; p

g form a omplete set of anonially onjugate variables. Note
that p
'
and p

are gauge-invariant quantities and  tranforms by the gauge tran-
formation (4.5.8) as
 !

 =  +  : (4:5:14)
This is the reason for the interest in . Eq. (4.5.14) suggests that  is a proper
variable to x the gauge and obtain an unitary evolution in the gauge-xed spae.
We all the set f'; p
'
; ; p

g hybrid variables beause they are not the maximal
gauge-invariant hoie of anonial oordinates. Indeed we an identify the Shan-
mugadhasan variables (see set. [2.3℄)
x = '+
3
4

p

p
'
; (4.5.15a)
p
x
 p
'
; (4.5.15b)
y   = 6

p

; (4.5.15)
p
y
 H =
1
12
p
2

 
1
16
p
2
'
; (4.5.15d)
whih is a set of anonially onjugate variables.
The variables x and p
x
are gauge-invariant and thus generate rigid invariane
transformations. Of ourse the meaning of gauge invariant variables is transpar-
ent in the ase of x: it is the initial value of '. These variables and the funtions
f(x; p
x
) are the observables: \The set of the observables is isomorphi to the set
of funtions of the initial data" (Teitelboim, 1991).
For sake of ompleneness, we write the generating funtion of the anonial
transformation f; p

;'; p
'
g ! fx; p
x
; y; p
y
g:
F =  
3
2
y
+
4
y
('  x)
2
: (4:5:16)
Eah set, f'; p
'
; ; p

g or fx; p
x
; y; p
y
g, an be used in the quantisation pro-
gramme and leads to idential results, both in the Dira method and in the
redued method. Let us rst quantise in the hybrid variables.
26
4.5.aa Quantisation in Hybrid Variables.
Let us start by the Dira method. Wave funtions are solutions of the Whee-
ler-DeWitt equation. Hene, the gauge has to be xed in the salar produt of
solutions of the Wheeler-DeWitt equation.
26
Note that the Hamiltonian (4.5.7) is essentially symmetri for f;p

g$f';p
'
g. So
both in the lassial and quantum treatments one an exhange the f';p
'
g degree of
freedom with the f;p

g one.
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The rst problem is the hoie of variables and measure in (2.3.6). We require
the measure to be gauge-invariant and invariant with respet to the rigid sym-
metries of the system. The hoie d[℄ = dp
'
dp

is gauge-invariant and invariant
under rigid transformations generated by p
'
and p

, however it is not suitable
for xing the gauge. The suitable measure is
d[℄ = dp
'
d ; (4:5:17)
whih is gauge-invariant and invariant under rigid transformations generated by
p
'
and p

. The use of  in the measure allows to enfore the gauge xing proe-
dure.
In this representation f; p
'
g are dierential operators. We have
p^

!  i

; '^! i
p
'
;
^
 !  ; p^
'
! p
'
: (4:5:18)
Thus the Wheeler-DeWitt equation is

 i

 
1
16
p
2
'

	(; p
'
) = 0 : (4:5:19)
The solutions of (4.5.19) that are eigenstates of p^
'
with eigenvalues k, k > 0
are
	
k
(p
'
; ) = C(k)Æ(p
'
 k)e
ik
2
=16
: (4:5:20)
Now we have to x the gauge. There is a lass of viable gauges for whih there
are no Gribov opies and the Faddeev-Popov determinant 
FP
is invariant under
gauge transformations (for the proof, see hapt. 5). Let us simply hoose  as
time, i.e. take
F (; p
'
)     t = 0 (4:5:21)
(t is the gauge-xed time parameter); then 
FP
= 1. This gauge is unique and
nally the gauge-xed salar produt is
(	
2
;	
1
) =
Z
dp
'
	

2
(p
'
; t)	
1
(p
'
; t) ; (4:5:22)
of ourse a positive-denite Hilbert spae.
The gauge-xed funtions in the representation f';  = tg read
	
k
('; t) =
1
p
2
e
ik'+ik
2
t=16
: (4:5:23)
They are obviously orthonormal in the Fourier-transformed gauge-xed measure
d'.
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Let us disuss now the redued method. We impose the gauge identity F 
   t = 0 that gives the eetive Hamiltonian
H
e
=  
1
16
p
2
'
: (4:5:24)
The gauge identity implies u = 1 sine from the denition of  and the lassial
general solution of the gauge equations it follows  = +onst:. The Shrodinger
equation is
i

t
 (; p
'
) =  
1
16
p^
2
'
 (; p
'
) : (4:5:25)
The stationary eigenfuntions of p^
'
oinide with (4.5.23) and are orthonormal in
the redued spae measure. This proves the equivalene of the two quantisation
proedures.
4.5.ab Quantisation in Shanmugadhasan Variables.
We an quantise the system also in the Shanmugadhasan representation. Per-
forming the anonial transformation to the new variables the ation beomes
S =
Z
dtf _xp
x
+ _yp
y
  up
y
g : (4:5:26)
Let us rst quantise the system by the Dira method. The rst step is again the
determination of the measure in the inner produt (2.3.6). The requirement of
invariane of the measure under the rigid transformations generated by p
x
or x
and the gauge transformation generated by p
y
selets d[℄ = dxdy (equivalently
d[℄ = dp
x
dy), where  1 < x; y; p
x
<1. The measure d[℄ = dp
x
dp
y
annot be
hosen sine the gauge xing funtion must ontain y. So, onsider the measure
d[℄ = dxdy: the onjugate variables p
x
and p
y
are represented as
p^
x
!  i
x
; p^
y
!  i
y
; x^! x ; y^ ! y ; (4:5:27)
and the Wheeler-DeWitt equation beomes
 i
y
	(x; y) = 0 : (4:5:28)
The solutions of (4.5.28) that are eigenfuntions of p^
x
with eigenvalues k, k > 0
are
	
k
(x) = C(k)e
ikx
: (4:5:29)
Now we introdue the gauge xing. The onvenient gauge is
F (x; y)  y   t = 0 : (4:5:30)
Obviously this gauge is unique and 
FP
= 1. The wave funtions (4.5.29) are of
ourse orthonormal (hoosing C(k) = (2)
 1=2
) in the inner produt so dened.
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Let us now quantise the system by the alternative method of reduing rst
the phase spae by a anonial identity. Again the gauge xing ondition is F 
y t = 0 whih determines the Lagrange multiplier as u = 1. Using the onstraint
H = 0 and the gauge xing ondition, the eetive Hamiltonian on the gauge
shell beomes H
e
=  p
y
= 0. The Shrodinger equation in the redued spae
just tells that the gauge-xed wave funtions do not depend on y. Diagonalizing
p^
x
we obtain again the wave funtions (4.5.29). The two quantisation methods
give idential gauge-xed positive-norm Hilbert spaes.
We have seen that the quantisation of the system an be suessfully ompleted
both in hybrid and Shanmugadhasan variables. The two quantisation proedures
are equivalent. Further, the sets of physial wave funtions (4.5.23) and (4.5.29)
oinide when represented in the same variables. Let us disuss this point.
In order to relate the two representations (4.5.18) and (4.5.27) we need the
generating funtion F of the anonial transformation between the Shanmuga-
dhasan and the hybrid variables:
F('; ; p
x
; p
y
) = 'p
x
+ p
y
+
1
16
p
2
x
: (4:5:31)
The relation between the wave funtions in the two representations is given by
	(; ') =
Z
dp
x
dp
y
e
iF(';;p
x
;p
y
)
	(p
x
; p
y
) : (4:5:32)
Substituting in (4.5.32) the Fourier transform of the wave funtion (4.5.29)
	
k
(p
x
; p
y
) = Æ(p
x
 k)Æ(p
y
) ; (4:5:33)
it is straightforward to obtain (4.5.23). This proves the equivalene between
hybrid and Shanmugadhasan representations.
In the Shanmugadhasan representation the redued Hamiltonian oinides
with the original H and vanishes. The reason is that after the time gauge xing
we are left with gauge-invariant variables; hene, inner produts and matrix ele-
ments are purely algebrai relations beause all operators are built from lassial
onstant of the motion. The wave funtions ontain one less variable beause
there is no dependene on the gauge-xed time.
On the ontrary, the gauge-xed wave funtions for hybrid variables evolve
with time, and the redued Hamiltonian does not vanish, so these variables seem
to ontain more physis. However, the physial ontent is the same. The time
dependene expresses the fat that the hybrid observables are funtions of time
and gauge-invariant quantities.
Let us now disuss how one an implement in this framework the idea of
transition between the pre-big bang and the post-big bang phases by sattering
104 Minisuperspaes in Quantum Cosmology: Early Universe
and reetion of the wave funtions. We have said before that we annot omplete
the proedure in the present ase beause the solutions are free waves. However,
all ingredients are already present in the model, so it is useful to give a loser look
at it. The rst step is the identiation of the wave funtions orresponding to
the pre-big bang and post-big-bang regimes. This an be performed realling that
the lassial solutions orresponding to these two regimes are identied by the
sign of the anonial momentum p
'
. Hene, the wave funtions orresponding to
the pre-big bang and post-big bang regimes are the right and left moving waves
in (4.5.23) or (4.5.29) respetively. The transition between the two regimes is
obtained by a reetion of wave funtions (4.5.23) or (4.5.29). Obviously there is
no reetion in absene of a potential (in the Wheeler-DeWitt equation).
4.5.b Non-ritial Dimension Case.
Let us onsider now the ase of non-vanishing osmologial onstant and disuss
the mehanism of wave reetion. In this ase a potential is present in the
Wheeler-DeWitt equation and the reetion mehanism is possible (Gasperini
e Veneziano, 1996; Gasperini et al., 1996). The extended Hamiltonian is
H
E
 uH = u
"
p
2

12
 
p
2
'
16
+ 2e
 4'
#
: (4:5:34)
Again the gauge equations generated byH are integrable (Cavaglia and de Alfaro,
1996b). We have
 = 
0
+
p

6
 ; (4.5.35a)
p

= onstant ; (4.5.35b)
e
2'
= 
p
2
!
sinh(!) ; (4.5.35)
p
'
=  4! oth(!) ; (4.5.35d)
 =
Z
t
t
0
u(t
0
) dt
0
; u(t
0
) > 0 ; (4.5.35e)
where
! = 
r
p
2
'
16
  2e
 4'
: (4:5:36)
In (4.5.35) the two signs orrespond  > 0 and  < 0 respetively. 
0
, p

and !
are gauge-invariant quantities. On the onstraint H = 0, p

= 
p
12j!j. Again
the hoie of positive p

orresponds to a pre-big bang aelerated ontration
for  > 0 and a post-big bang deelerating expansion for  < 0.
Note that  and p

transform very simply for the gauge transformation; for-
mulae (4.5.8a,b) hold. Again let us onnet the Gasperini-Veneziano parameter
t
GV
to the parameter  . The relation between the two parameters is
sinh(j!j) sinh(t
GV
2
p
) =  1 : (4:5:37)
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The use of  is suggested by the simpliity of eqs. (4.5.35) with the hoie (4.5.2)
of the Lagrange multiplier. From these equations it is easy to obtain the on-gauge
shell solution of Gasperini and Veneziano (1996)
 pre-big bang regime, t
GV
< 0:
a = a
0
"
tanh
 
 
t
GV
p

p
2
!#
 1=
p
3
;
2('  '
0
) =   ln
h
sinh

 t
GV
p
2
i
;
(4.5.38a)
 post-big bang regime, t
GV
> 0:
a = a
0
"
tanh
 
t
GV
p

p
2
!#
1=
p
3
;
2('  '
0
) =   ln
h
sinh

t
GV
p
2
i
:
(4.5.38b)
Analogously to the D'Alembert ase, we an dene hybrid and Shanmugadha-
san variables. The hybrid variables are those dened in (4.5.12) for the ritial
dimension ase. The Shanmugadhasan anonial set is
w  ! ; (4.5.39a)
p
w
=  12!

p

  2 arth

4!
p
'

; (4.5.39b)
z   = 6

p

; (4.5.39)
p
z
 H =
1
12
p
2

 
1
16
p
2
'
+ 2e
 4'
: (4.5.39d)
All variables are gauge-invariant exept z (Æz = ); w and p
w
generate rigid
symmetry transformations. Let us now quantise the system.
4.5.ba Quantisation in Shanmugadhasan Variables.
Performing the anonial transformation to the Shanmugadhasan variables the
ation beomes
S =
Z
dtf _wp
w
+ _zp
z
  up
z
g : (4:5:40)
Let us quantise rst the system by the Dira method. The requirement of invari-
ane of the measure under both the rigid transformations generated by w or p
w
and the gauge transformation generated by p
z
selets the measures d[℄ = dwdz
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or equivalently d[℄ = dp
w
dz, where  1 < w; z; p
w
<1. Choosing for instane
the rst one, we have the representation
p^
w
!  i
w
; p^
z
!  i
z
; w^ ! w ; z^ ! z : (4:5:41)
The Wheeler-DeWitt equation beomes
 i
z
	(w; z) = 0 : (4:5:42)
The solutions of (4.5.42) that are eigenfuntions of w^ with eigenvalues k, k > 0
are
	
k
(w) = C(k)Æ(w  k) : (4:5:43)
The gauge an be xed as
F (w; z)  z   t = 0 : (4:5:44)
(t is thus the gauge-xed time). Finally, the salar produt is
(	
2
;	
1
) =
Z
dw	

2
(w)	
1
(w) : (4:5:45)
Choosing C(k) = 1, the eigenfuntions (4.5.43) are orthonormal in the gauge-
xed measure.
Let us now quantise the system by the redued method. Again the gauge xing
ondition is (4.5.44). Analogously to the ase  = 0, this hoie determines the
Lagrange multiplier as u = 1. Using the onstraint H = 0 and the gauge xing
ondition, the eetive Hamiltonian on the gauge shell beomes H
e
=  p
z
= 0
(typial of the Shanmugadhasan hoie of oordinates). The wave funtions do
not depend on z and all matrix elements are of purely algebrai nature. Diag-
onalizing w^ we obtain again the wave funtions (4.5.43) in the redued Hilbert
spae. As in the D'Alembert ase, this proves the equivalene of the Dira and
redued quantisation methods in the representation used.
4.5.bb Quantisation in Hybrid Variables.
Let us start using the Dira method. Analogously to the ase of set. [4.5aa℄
we have to hoose the representation and establish the measure. Quite similarly,
the right measure is (4.5.17). In this ase it is better to work in the Fourier-
transformed spae, so
d[℄ = d'd : (4:5:46)
Note that (4.5.46) is not gauge-invariant nor invariant under rigid transforma-
tions. However, it is related to (4.5.17) by a Fourier transformation.
In the representation f; 'g the onjugate variables to  and ' are dierential
operators. We have
p^

!  i

; p^
'
!  i
'
;
^
 !  ; '^! ' : (4:5:47)
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The Wheeler-DeWitt equation is

 i

+
1
16

2
'
+ 2e
 4'

	(; ') = 0 : (4:5:48)
The solutions of (4.5.48) that are eigenstates of !^ with eigenvalues k, k > 0 are
of the form
	
k
('; ) = A

(k)Z
2ik

2
p
2e
 2'

e
ik
2

; (4:5:49)
where Z is a generi linear ombination of Bessel funtions. By applying to this
ase similar onsiderations as in the D'Alembert ase (see also Gasperini and
Veneziano, 1996; Gasperini et al., 1996) one sees that the hoies
	
()
k
('; ) = A(k)J
2ik
e
ik
2

(4:5:50)
represent the Wheeler-DeWitt wave funtions orresponding to the post-big bang
and the pre-big bang phases respetively.
Now, in order to dene the inner produt we must x the gauge. Imposing
the identity F     t = 0 we have
(	
2
;	
1
) =
Z
d'	

2
('; t)	
1
('; t) =
Z
dz
z
	

2
(z; t)	
1
(z; t) : (4:5:51)
where z = 2
p
2e
2'
. Note that the hoie  = t does not yield a positive-denite
norm.
The two sets of real orthonormal funtions in the gauge-xed measure (4.5.51)
are (Cavaglia, de Alfaro, and Filippov, 1996)

(1)
k
(z; t) =
s
k osh(k)
2 sinh(k)
h
e
 k
H
(1)
2ik
(z) + e
k
H
(2)
2ik
(z)
i
e
ik
2
t
; (4.5.52a)

(2)
k
(z; t) = i
s
k sinh(k)
2 osh(k)
h
e
 k
H
(1)
2ik
(z)  e
k
H
(2)
2ik
(z)
i
e
ik
2
t
:(4.5.52b)
Let us disuss now the redued method. The gauge F     t = 0 gives the
eetive Hamiltonian
H
e
=  w
2
=  
p
2
'
16
+ 2e
 2'
; (4:5:53)
and the Shrodinger equation oinides with (4.5.48). The stationary Shrodinger
equation reads

1
16

2
'
+ e
 4'

 (') = E (') ; E < 0 : (4:5:54)
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The solutions of eq. (4.5.54) are those of eq. (4.5.48) where k =
p
 E. They an
be hosen orthonormal as in (4.5.52).
Having the Hilbert spae, we an ompute the probability of transition from
the pre-big bang regime to the post-big bang regime. The probability amplitude
oinides with that found by Gasperini and Veneziano (1996)
27
R
k
=
j 
( )
k
( 1; t)j
j 
(+)
k
( 1; t)j
= e
 2k
; (4:5:55)
where  
()
k
are the gauge-xed wave funtions orresponding to (4.5.50). Finally,
by realling the denition of k and (4.5.1) we an obtain the transition probability
for a three-dimensional portion of spae with a given initial proper volume at
t!  1 (for details and the disussion see Gasperini and Veneziano, 1996).
4.6 Beyond Minisuperspaes: Third Quantisation.
In this hapter we have seen how quantum osmologial models an be suessfully
used to investigate the very early universe. The mathematial framework in whih
this investigation has been ompleted is given by the theory of nite-dimensional
onstrained systems. Our treatment follows thus the lines of analytial mehanis.
We have onsidered the lassial minisuperspae Lagrangian at its fae value
and have implemented the proedure of gauge xing in the anonial sheme
along the lines traed in hapt. 2. The redution of the model to the physial
degrees of freedom is the rst step in order to obtain the Hilbert spae. Thus the
interpretation of wave funtions is the usual one and quantum mehanial eets
an be disussed. Note that this proedure amounts to a denition of time in
terms of anonial oordinates.
The hoie of the gauge is in general a ne art and there is no a priori rule.
Within this (well-dened) approah we an solve problems about whih muh has
been written: absene of time, absene of onserved urrent, hoie of boundary
onditions, interpretation of the Wheeler-DeWitt wave funtion and normalisa-
tion, and so on. Further, we have laried the essential role of xing the gauge (in
both approahes to quantisation) in order to dene a positive norm Hilbert spae.
We have systematially studied a wide lass of gauge-xings and shown that by
a lever hoie of the gauge the problem may be signiantly simplied and om-
pletely solved. Finally, using maximal gauge-invariant anonial representations
we have been able to prove that for integrable or partially integrable systems
there exists gauge xings leading to time-independent eetive Hamiltonians.
27
Gasperini and Veneziano do not have a Hilbert spae struture nor an univoal
hoie of the time parameter. The proedure illustrated in this setion allows to reover
their result in a matematially self-onsistent framework.
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Of ourse several problems remain to be solved. In partiular, our proedure
is stritly related to the form of the Hamiltonian. So, the denition of time an
be unstable with respet to hanges of the model. Muh work must be done, but
this is the right diretion for further investigations.
Another possibility is to investigate quantum osmologial models from the
point of view of a quantum eld theory (see for instane Ghoroku, 1991; Giddings
and Strominger, 1989). We have already noted the similarity of minisuperspae
osmologial models to the relativisti free massive partile of set. [2.4℄. It is well-
known that the Klein-Gordon Lagrangian an be intepreted as a quantised eld.
Thus one an build by analogy a theory of \third quantised universes". In this
framework proesses like hanges of topology and interations between universes
have been proposed to solve the osmologial onstant problem (Coleman, 1988).
Let us onlude this hapter disussing briey a toy model desribing interating
universes. This model may illustrate how possible third quantisation eets may
play a major role on the osmologial onstant problem.
The Wheeler-DeWitt equation is essentially a Klein-Gordon equation in su-
perspae. Let us assume that a omplete set of solutions do exist and label this
set by an index n. To disuss interations between universes, we assume the
existene of a eld theory on superspae whose free eld equation is given by
the Wheeler-DeWitt equation. We form linear ombinations of the reation and
destrution operators of universes 
y
and 
	(h) =
X
n
	
n
(h)
n
;
	
y
(h) =
X
n
	
y
n
(h)
y
n
;
(4:6:1)
where h represents the three-dimensional metri of the manifold mapping the
superspae. 	 and 	
y
are eld operators in the abstrat oupation number
Hilbert spae and the operators 
n
, 
y
n
satisfy the boson ommutation relations
(universes are bosons). The kineti term of the eld theory ation takes the form
(Ghoroku, 1991; Giddings and Strominger, 1989)
S =  
1
2
Z
Dh	
y
H	 : (4:6:2)
It is not diÆult to onvine oneself that the interations between universes mod-
ify the Wheeler-DeWitt equation (tree level) with a potential term (Giddings and
Strominger, 1989):
H	 =  
dV [	℄
d	
: (4:6:3)
The idea is that an observer in a given universe ould interpret the potential term
as an eetive potential term in the Wheeler-DeWitt equation of the universe
where he lives, for instane a osmologial onstant. Let us onsider for simpliity
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the model of a FRW losed universe lled with the onformal salar eld of
set. [4.3℄. Using the latter to identify time, the positive and negative frequeny
solutions of the Wheeler-DeWitt equation read
28
	
()
n
= 
n
(a)e
iE
n
t
s
; (4:6:4)
where 
n
is the n-th harmoni osillator wave funtion that is the solution of the
equation
H
GR

n
(a) = E
n

n
(a) ; E
n
> 0 : (4:6:5)
The energy E
n
is related to the energy density of the matter eld. The wave
funtions (4.6.4) represent quantum losed spherially symmetri universes whose
dimensions depend on the quantum number n. For instane, a universe with the
present harateristis is desribed by n  10
120
. However, a typial solution
(4.6.4) has small quantum numbers, i.e. dimensions of order of the Plank length.
This is the quantum analogue to the atness-oldness problem in lassial general
relativity. The onformal salar eld is a pure radiation eld and its Lagrangian
does not ontain interation terms produing ination.
Suppose now the existene of a foam of baby universes (4.6.4) and a two-body
interation v(a; a
0
) between universes in the minisuperspae (Cavaglia, 1994).
In the Hartree-Fok approximation (see for instane Fetter and Waleka, 1971)
eq. (4.6.5) is substituted by
 
H
e
+ V
H

~
n
=
~
E
n
~
n
; (4:6:6)
where V
H
is the Hartree-Fok potential
V
H
=
Z
da
0
X
l
~
2
l
(a
0
)v(a; a
0
) : (4:6:7)
In partiular if we onsider N   1 universes in the foam ground state (n = 0)
and one universe in an exited state with a small quantum number, the one-body
equation for the exited universe beomes (v(a; a
0
) =  gv(a)Æ(a  a
0
), where g is
a positive oupling onstant O(1))
1
2

 
d
2
da
2
+ a
2
  2g(N   1)v(a)~
2
0

~
n
=
~
E
n
~
n
: (4:6:8)
Eq. (4.6.8) is the third-quantised modiation of eq. (4.6.5). As a toy model, let
us disuss a potential of the form v(a)  exp(a
2
). In this ase eq. (4.6.6) simplify
28
They orrespond respetively to having xed the Lagrange multiplier equal to 1.
Analogously to the Klein-Gordon ase, if we want to intepret the wave funtions as
seond-quantised elds we must onsider both negative and positive values of the La-
grange multiplier, i.e. positive and negative energies. On the ontrary, in the rst
quantisation formalism the sign of the Lagrange multiplier must be xed.
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and an be ast in the form of a Shrodinger equation for a harmoni osillator.
The energy levels are

E
n

~
E
n
+ g(N   1) = (n+ 1=2) : (4:6:9)
In absene of interations,
~
E
n
= E
n
, then 0 <
~
E
n
 g(N   1) and we have
n  g(N   1) : (4:6:10)
Therefore, supposing a suÆiently large number of interating universes, we see
that the solutions have neessarily large quantum numbers and (4.6.5) an a-
tually desribe our (lassial) universe without introduing other elds nor the
osmologial onstant: the third quantisation mehanism depends only on the
eetive Shrodinger equation. This result is of ourse stritly dependent on the
potential v(a) hosen. This problem an be overome by assuming a onden-
sate of baby universes in the ground state (the foam) and alulating the vertex
between an exited universe and the foam in the presene of an external poten-
tial. The ondensate provides the \energy reservoir" to \inrease" the exited
universe. Further, the presene of the ondensate enhanes the baby-large uni-
verse interations with respet to the large-large universe interations. With this
proedure, a wide lass of potentials produes results analogous to those of the
Hartree-Fok theory disussed previously.
5Minisuperspaes in Blak Hole
Physis: Quantum Blak Holes
In this hapter I shall deal with minisuperspae models desribing quantum blak
holes. In the rst hapter we have seen that the investigation of the blak hole
physis at quantum level is very relevant for the \phenomenologial" quantum
gravity programme. The Hamiltonian formalism is a fundamental key to ob-
tain a quantum desription of blak holes. So reently a good deal of work has
been dediated to the anonial formulation of the spherially symmetri gravity
(Kuhar 1994; Kastrup and Thiemann, 1994; Lau, 1996). Kuhar has ast the
dynamis of primordial Shwarzshild blak holes in anonial formalism starting
to disuss the quantisation proedure. A omplete bibliography that overs the
history of the subjet is ontained in his paper (Kuhar, 1994).
The outline of the hapter is the following. In the next setion I shall briey
present the two main motivations for studying a quantum formalism for blak
holes, namely the problem of the origin of the blak hole entropy and the possi-
bility of a deep onnetion between blak holes and wormholes. In set. [5.2℄ I shall
develop a anonial approah to the study of the vauum spherially symmetri
metri starting from the usual Lagrangian formulation of the Einstein equations.
I shall onsider a foliation in a single parameter , thus the Lagrangian oordi-
nates as funtions only of . This leads to a struture of minisuperspae. The
theory is endowed with a gauge invariane (reparametrisation in ) and a on-
straint, as it happens for the quantum osmologial models investigated in the
previous hapter. I shall investigate the properties of the operators that generate
rigid symmetries of the Hamiltonian, establish the form of the invariant measure
under rigid transformations, and determine the gauge xed Hilbert spae of states
both in the Dira-Wheeler-DeWitt and redued methods. Finally, I shall prove
that the two quantisation methods lead to the same Hilbert spae for a suitable
gauge xing. Set. [5.3℄ is devoted to the generalisation of the model to string
theory. I shall show that the presene of the dilaton eld hanges ompletely the
piture. In the last setion I shall draw onlusions.
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The ontent of this hapter is original work done by the author in ollabo-
ration with Prof. Vittorio de Alfaro (Universita di Torino) and Prof. Alexandre
T. Filippov (JINR, Dubna) (see Cavaglia, de Alfaro, and Filippov, 1995d; 1996;
Cavaglia and de Alfaro, 1996a).
5.1 Quantum Blak Holes: Why?.
We have mentioned that a great amount of researh has been devoted to the
denition of a self-onsistent anonial formulation of the spherially symmetri
gravity and to its quantisation. The great interest in investigating quantum
blak hole models is due to the hope that a self-onsistent quantum treatment
of the gravitational eld ould explain the origin of the blak hole entropy (see
for instane Barvinsky, Frolov, and Zelnikov, 1995). So, in the last years the
anonial formalism and the quantisation proedure for spherially symmetri
blak holes have been widely investigated (Kuhar, 1994; Kastrup and Thiemann,
1994; Lau, 1996) also in minisuperspae approximation (Makela, 1996; Louko and
Makela, 1996).
Classially a non-rotating, unharged, spherially symmetri blak hole is om-
pletely dened by its mass. We expet then that the Shwarzshild mass beomes
a quantum observable in the quantum theory of blak holes. The possibility that
the mass an take only disrete values has important onsequenes on the spe-
trum properties of the Hawking radiation and an lead, at least in priniple, to
observational tests.
1
Let us see briey this point.
The area of a lassial Shwarzshild blak hole is expressed in terms of the
Shwarzshild mass by the relation
2
A =
16G
2

4
M
2
: (5:1:1)
If the mass of the blak hole takes only disrete values
3
the Hawking radiation
must be emitted in multiples of a fundamental frequeny. From (5.1.1) we see
that the wavelenght of the Hawking radiation must be of the order of the radius of
the blak hole horizon. Thus the radiation must dier from the thermal spetrum
and the dierene an be in priniple deteted by experiments.
To omplete this programme, the introdution of matter elds ould be of
importane in order to speify the physial degrees of freedom inaessible to
observation by an external observer, whose traing out ould explain the origin
of the blak hole entropy (see e.g. Barvinsky, Frolov, and Zelnikov, 1995, and
referenes therein). Finally, the fat that in lassial physis only positive masses
1
See for instane Louko and Makela (1996).
2
We restore for a moment the Newton onstant G and the veloity of light .
3
Or, better, \If the mass squared of the blak hole...". We will see in the next setion
that in minisuperspae approximation the dierene is not trivial.
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are present may be probably related to quantum gravity eets. It is then worth-
wile to explore the role of the mass operator in the anonial formalism and
quantisation. Perhaps some light ould ome.
Finally, a stritly related problem that an be addressed in a quantum for-
malism for blak holes is the onnetion with wormholes. What is the nal state
of the blak hole evolution? The onjeture that the region inside the horizon of
a blak hole ould be onneted to a seond spaetime region through a worm-
hole was proposed by Hawking (see for instane Hawking, 1992, and referenes
therein). Already at the lassial level it is possible to speulate about the onne-
tion between blak holes and wormholes (see for instane Shein and Aihelburg,
1996). However, wormholes are essentially quantum objets (see hapt. 3), so it
is natural to investigate this possibility in the quantum regime.
In the next setion we will see how these issues appear in the quantum min-
isuperspae formalism.
5.2 Quantisation of the Shwarzshild Blak Hole.
The rst step towards the quantum desription of the Shwarzshild blak hole
in minisuperspae approximation is to express the Einstein equations as a anon-
ial system in a nite-dimensional phase spae. This an be done in a simple
diret way by a foliation in a single parameter, analogously to what done for
osmologial models.
4
Classially the general vauum spherially symmetri solution of the Einstein
equations is loally isometri to the Shwarzshild metri. Let us onsider the
general stati spherially symmetri line element (see for instane de Felie and
Clarke, 1990)
ds
2
=  A(r)dt
2
+N(r)dr
2
+ 2F (r)dtdr+ B
2
(r)d

2
2
; (5:2:1)
where A, N , F , and B are real funtions of r. Usually, redening the oordinate
t and xing B = r, (5.2.1) is ast in the form
ds
2
=  A
0
(r)dt
2
+N
0
(r)dr
2
+ r
2
d

2
; (5:2:2)
where r is now the area oordinate sine the area of the two-sphere at r and
t onstant is 4r
2
. One is then left with two funtions A
0
(r) and N
0
(r) that
an be determined by the Einstein equations. The line element (5.2.2) is the so-
alled standard form of the general stati isotropi metri (5.2.1) (see for instane
Weinberg, 1972; de Felie and Clarke, 1990). From the above onsiderations we
are led to hoose the ansatz
ds
2
=  4a()d
2
+ 4n()d
2
+ 8f()dd+ b
2
()d

2
; (5:2:3)
4
A dierent approah to quantisation of the Shwarzshild blak hole in minisuper-
spae approximation has been reently disussed by Makela (1996).
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where a, n, b, and f only depend on the oordinate . The numerial fators are
hosen for later onveniene in alulations.
We allow in priniple for hanges of signs of the omponents of the metri
tensor but we require the signature to be Lorentzian over the whole manifold:
for instane, if f = 0 an > 0.  an be a timelike oordinate and  spaelike
over part of the manifold, so it is a matter of preferene to dene a priori  or 
as the timelike variable. Hene, we develop a formal anonial struture in  in
whih the -super Hamiltonian H is a generator of gauge anonial transforma-
tions that orrespond to reparametrisations of the  oordinate in the Lagrangian
formulation.
5
Note that the line element (5.2.3) orresponds essentially to use a
Gaussian normal system of oordinates with respet to the three-surfae (; ; ),
i.e. to perform the 3+1 sliing of set. [2.5℄ with respet to the  oordinate. The
variable 2
p
jnj plays essentially the role of the ADM lapse funtion (Arnowitt,
Deser, and Misner, 1962) with respet to the -sliing and it is just a Lagrange
multiplier in the ation enforing the onstraint that generates reparametrisa-
tions of . Sine we must allow for negative values of n(), we need a slight
modiation of the ADM formalism, similar to what has been done, for instane
ontinuing from a Lorentzian to an Eulidean signature (see e.g. Martin, 1994).
Finally, let us stress that the line element (5.2.3) does not over the maximal
extension of spaetime sine it desribes only a half of the Kruskal-Szekeres plane
and pure -oordinate transformations do not lead to a omplete overing of the
Kruskal-Szekeres manifold starting from the metri (5.2.3). In spite of this, the
analysis of reparametrisations from this point of view may lead to interesting
onsequenes.
Sine the metri tensor in (5.2.3) does not depend on , no -dierentiation
appears in the expression of the ation; so starting from the Lagrangian we may
develop a formal Hamiltonian sheme in the variable  and obtain the orre-
sponding -super Hamiltonian after having introdued the -onjugate momenta
as done in the ase of osmologial models. It is easy to hek that this formalism
is equivalent to the Einstein equations for the stati solution (Cavaglia, de Alfaro,
and Filippov, 1995d).
Introduing the Ansatz (5.2.3) in the Einstein-Hilbert ation (2.5.10) and
negleting surfae terms one obtains (Cavaglia, de Alfaro, and Filippov, 1995d;
1996)
S =
Z

2

1
d
Z

2

1
d L(a; b;u) ; (5:2:4)
where apart from an overall onstant fator 1=4 the Lagrangian L is
L = 2u
 
_ab
_
b
u
2
+
a
_
b
2
u
2
+
1  b
2
4
!
: (5:2:5)
5
Thus in the region where  is timelike it generates as usual the dynamis.
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In eq. (5.2.5), dots denote dierentiation with respet to  and the Lagrangian
multiplier u() is
u() = 4
p
an+ f
2
: (5:2:6)
Sine the Lagrangian must be real, we require an + f
2
> 0. The signature of
(5.2.3) is thus Lorentzian for any value of . From (5.2.5) the Einstein equations
of motion an be reovered onsidering formally a(), n(), f() and b() as
Lagrangian oordinates evolving in . Of ourse, u ats as a Lagrange multiplier
(we still have the freedom of hoosing f() and n()). It is easy to see that
dierent hoies of n orrespond to the Shwarzshild line element written in
dierent oordinates (standard, Eddington-Finkelstein, et. { see Cavaglia, de
Alfaro, and Filippov, 1995d). In the following we will put f = 0 for simpliity.
With this hoie, a and n must have the same sign; we will see in a moment that
on the lassial solutions positive values of a represent the exterior of the blak
hole and negative values of a represent the region inside the horizon.
6
Let us now set up the Hamiltonian formalism in . The extended Hamilto-
nian H
E
an be alulated by the usual Legendre transformation. Dening the
anonial -momenta
p
a
=
2b
_
b
u
; (5.2.7a)
p
b
=
2
u
( _ab+ 2a
_
b) ; (5.2.7b)
we obtain
H
E
 uH ; (5.2.8a)
H =
1
2b
2
[p
a
(bp
b
  ap
a
)℄ 
1
2
(1  b
2
) : (5.2.8b)
H is the generator of -reparametrisations (gauge transformations). The on-
straint equation H = 0 is obviously independent of , indeed there has been no
gauge xing and  is not determined. The identiation of  will be obtained by
onneting it to the anonial oordinates of the problem (gauge xing) analo-
gously to what done in the previous hapter for quantum osmologial models.
7
Let us set from now on  = 0; for the ase of non-zero osmologial onstant
the reader is referred to Cavaglia, de Alfaro, and Filippov (1996).
8
6
a=0 denes then the horizon.
7
Note that if we do not x the oordinate gauge by expressing  in terms of the
anonial oordinates, the nature of  is vague: for instane the trivially dierent xings
b= (area gauge) and b=exp  lead to obviously dierent values for the horizon in terms
of . However, this does not matter muh: there is a region where  is timelike.
8
The results of this hapter an be also easily extended to the Reissner-Nordstrom
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The Hamiltonian (5.2.8b) has very interesting invariane transformations;
rst, the gauge transformations generated by H (see set. [2.2℄, eqs. (2.2.5))
an be integrated expliitly. On the onstraint shell the result is:
b!

b = b+ h()
p
a
2b
; (5.2.9a)
p
a
! p
a
= p
a
+ h()
p
2
a
2b
2
; (5.2.9b)
a! a = a+
N
b
2
h()=2
1 + h()p
a
=2b
2
; (5.2.9)
p
b
! p
b
= p
b
+
J
b
2
h()=2
1 + h()p
a
=2b
2
; (5.2.9d)
u()! u() = u() +
dh
d
; (5.2.9e)
where J and N are gauge-invariant quantities dened below. The simpliity of
the gauge transformations of b and p
a
is an essential property for the quantisation
of the system and will be exploited later.
We have three gauge-invariant anonial quantities, namely
I = b=p
a
; (5.2.10a)
J = 2b  p
a
p
b
+ 4bH ; (5.2.10b)
N  IJ = bp
b
  2ap
a
: (5.2.10)
I, J , N play a fundamental role in the theory. The algebra of H; I; J;N is simple:

I;H

P
= 0 ;

J;H

P
= 0 ;

J; I

P
= 1 ;

N;H

P
= 0 ;

N; I

P
= I ;

N; J

P
=  J :
(5:2:11)
So the anonial formalism allows for an interesting algebrai struture of on-
stants of the motion.
ase, i.e. to a stati eletrially harged blak hole. Indeed, onsidering a radial eletri
eld, and redening suitably the Lagrange multiplier, the Hamiltonian an be ast in the
form H
RN
=H+P
2
A
, where P
A
is the onjugate momentum to the eletromagneti potential
one-form (Cavaglia, de Alfaro, and Filippov, 1995d). This Hamiltonian is separable and
we an solve the equation of motion for the eletromagneti eld. We have P
A
=Q where
Q is the harge of the blak hole: H
RN
=H+Q
2
=0. Thus the Reissner-Nordstrom ase is
equivalent, for a suitable hoie of the Lagrange multiplier, to the Shwarzshild ase
with  Q
2
in the right-hand side of the onstraint equation.
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For sake of ompleteness, we write also the unonstrained solution of the
equations of motion:
9
b =

2I
; (5.2.12a)
p
a
=
b
I
; (5.2.12b)
a = I
2

2H + 1 
J
b

; (5.2.12)
p
b
= I

4H + 2 
J
b

; (5.2.12d)
 =
Z


0
u(
0
) d
0
; u(
0
) > 0 : (5.2.12e)
It is easy to hek that eq. (5.2.12) orresponds to the Shwarzshild solution if
we setH = 0. Then a vanishes for b = J and so J=2 M is the lassial anonial
expression of the Shwarzshild mass M.
10
Again from (5.2.12), remembering
(5.2.3), we see that T  2I is the ratio between proper and oordinate time in
the asymptoti region b ! 1. The Shwarzshild mass is thus expressed in the
anonial formalism by a onstant anonial quantity, of ourse gauge-invariant.
11
There is a very important point onerning the support of the variables b and
p
a
. Naturally b has a denite sign, sine for all lassial solutions with J 6= 0
b = 0 is a singular point; we may take it positive sine b
2
appears in the metri.
Also the value I = 0 is not allowed (see eqs. (5.2.12b-d) and the next (5.2.14)).
From (5.2.12a) we see that I has the sign of  .
Now u() must have a denite sign (see set. [2.2℄), or else one annot dene
a unique trajetory by the boundary ondition b((
1
)) = b
1
; b((
2
)) = b
2
. We
may hoose u() > 0 without loss of generality and aordingly we take  positive.
Hene, from (5.2.12a) we see that I > 0. Furthermore, p
a
never hanges sign
in a gauge transformation { see next (5.2.13-15) { and an be restrited to be
positive. These properties will be essential in the following.
Consider the rigid symmetries generated by I, J and N . Any gauge invariant
funtion of the anonial variables an be written as F (H; I; J). The requests
that it be N and I invariant, or N and J , or I and J , are equivalent as they leave
us with F (H), so we need only onsider two of the three rigid transformations.
Analogously to the model of set. [4.5℄ the invariane under rigid transformations
9
For H=0 they have of ourse the same ontent as the gauge equations.
10
For the Reissner-Nordstrom ase the two roots of a=0 orrespond to the two horizons
of the Reissner-Nordstrom metri.
11
The expression (5.2.10b) oinides with the anonial expression given by Kuhar
(1994) if the t-dependene of the variables is negleted.
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is an essential tool to investigate the quantum measure. Let us write down these
transformations.
The nite transformations generated by I (denoted as I
f
) are:
b!

b = b ;
p
a
! p
a
= p
a
;
a! a = a  fbp
 2
a
;
p
b
!

b
b
= p
b
  fp
 1
a
:
(5:2:13)
The nite transformations generated by J (denoted as J
q
) are:
b!

b =
b
1  q=I
;
p
a
! p
a
=
p
a
(1  q=I)
2
;
a! a = a (1  q=I)
2
+
N
b
q (1  q=I)
2
;
p
b
! p
b
= p
b
(1  q=I) +
J
b
q (1  q=I) :
(5:2:14)
The nite transformations generated by N (denoted as N
g
) on the anonial
variables are dilatations, due to the form of N :
b!

b = e
g
b ;
p
a
! p
a
= e
2g
p
a
;
a! a = e
 2g
a ;
p
b
! p
b
= e
 g
p
b
:
(5:2:15)
Now looking at these three sets of transformations and at the gauge transfor-
mation (5.2.9) we see that the anonial variables fb; p
a
g transform separately
under all transformations. So these variables will be most appropriate as oordi-
nates in the quantum ase. We also note that the J transformations may hange
the sign of b, in ontrast with our assumption that b > 0. Thus we onsider as
fundamental symmetries N
g
and I
f
.
Analogously to what done in set. [4.5℄
12
it is useful to perform a anonial
transformation to the Shanmugadhasan (1973) anonial variables fJ; I;Y; P
Y
g,
where
Y =
2b
2
p
a
; P
Y
= H : (5:2:16)
This hoie is motivated by the invariane properties of the new anonial vari-
ables: I; J;H are gauge-invariant and Y transforms linearly under the gauge
12
See also set. [2.3℄.
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transformation (2.2.5). For ompleteness the generating funtion of the anoni-
al transformation is
F =
2ab
2
Y
 
Y J
2b
+
1
2
Y : (5:2:17)
Note that we an use alternatively N = IJ and p
N
= ln I instead of J and I.
13
In the anonial variables fJ; I;Y; P
Y
g, the extended Hamiltonian reads simply
H
E
= uP
Y
: (5:2:18)
The transformation properties of the Shanmugadhasan variables under gauge and
rigid transformations are obvious
 I
f
:
I !

I = I ;
J !

J = J + f ;
Y !

Y = Y ;
P
Y
!

P
Y
= P
Y
;
(5.2.19)
 J
q
:
I !

I = I   q ;
J !

J = J ;
Y !

Y = Y ;
P
Y
!

P
Y
= P
Y
;
(5.2.20)
 N
g
:
I !

I = e
 g
I ;
J !

J = e
g
J ;
Y !

Y = Y ;
P
Y
!

P
Y
= P
Y
;
(5.2.21)
 H
h
:
I !

I = I ;
J !

J = J ;
Y !

Y = Y + h() ;
P
Y
!

P
Y
= P
Y
:
(5:2:22)
Finally, another set of anonial hybrid variables that will be used for the
13
I is positive-dened.
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quantisation is
14
 = ln jaj ;
 = 2
p
jajb ;
p

=  
N
2
;
p

=
p
b
2
p
jaj
:
(5:2:23)
Contrary to the previous set, in this ase there are two dierent anonial transfor-
mations, for positive and negative a; in the representation (5.2.23) the onstraint
(5.2.8b) reads
H =
1
2



p
2

  4
p
2


2

  1

= 0 ; (5:2:24)
where  = a=jaj. The gauge transformation laws of these anonial oordinates
are
Æp

= 0 ;
Æ =  4
p


2
;
Æp

=  4
p
2


3
;
Æ = p

:
(5:2:25)
Thus from (5.2.25) we see that p

is gauge-invariant.
Having introdued the lassial Lagrangian and Hamiltonian, and integrated
the gauge and rigid transformations, we may arry out the onstrution of the
quantum theory. We start with the Dira method and establish the Wheeler-
DeWitt equation. For the string osmology models of set. [4.5℄ we have seen
that the request of preserving at the quantum level both the gauge invariane
and the lassial rigid symmetries, together with the support properties of the
variables used as quantum oordinates, determines ompletely the quantum mea-
sure and xes the representation of the quantum operators. So we identify the
solutions of the Wheeler-DeWitt equation that are eigenfuntions of the opera-
tors orresponding to the most important invariants of the lassial theory. A
Fourier transform will relate the results to the usual onguration spae.
5.2.a Dira Quantisation.
As usual, in order to implement the Dira proedure, we have to hoose the
measure in superspae and, as a onsequene, the variables to be used for the
wave funtions. We start with the formal ommutation relations

a^; p^
a

= i ; (5.2.26a)

^
b; p^
b

= i : (5.2.26b)
14
This set of variables is reminisent of the hybrid variables of set. [3.4℄ and set.
[4.5℄.
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We may represent them as dierential operators hoosing a pair of ommuting
variables as oordinates and establishing the form of the (non gauge-xed) mea-
sure d[℄. The measure d[℄ an be determined by the requirement of invariane
under the symmetry transformations of H, namely rigid and gauge transforma-
tions.
At the end of this setion we shall see that the wave funtions obtained with the
measure introdued above are onneted by a Fourier transform to the solutions
of the Wheeler-DeWitt equation that uses the ovariant measure in the a; b spae.
Let us ome bak to the algebra of fI, J , N , Hg. This is a powerful inspiration
for physial onsequenes to be found in the struture of the gauge-xed positive-
denite Hilbert spae. Sine the algebra of I, J , N is a dilatation algebra, it is
useful to reall some important points about the self-adjointness of the dilatation
operator (see for instane Messiah, 1959).
Let us onsider a realisation of the dilatation algebra on dierentiable fun-
tions of a single variable r. If the support of the eigenvalues of both r^ and p^
r
is
R, then r^ and p^
r
are self-adjoint while the dilatation operator
^
D = (rp
r
+ p
r
r)=2
is not self-adjoint. If instead r 2 R
+
[ f0g, then (as typial for radial variables)
the dilatation generator is self-adjoint and the onjugate momentum p^
r
is not.
So we expet that the support of the variables in the present problem will be the
key to the properties of the Hilbert spae.
In order to determine the quantum measure, we require that the latter be
invariant under rigid and gauge transformations that preserve the sign of b. Then
the measure is (we denote by x; j; y the ontinuous eigenvalues of
^
I,
^
J ,
^
Y ):
d[(x; y)℄ =
dx
x
dy : (5:2:27)
This measure makes sense as we have seen that lassially I > 0 sine both
p
a
; b > 0. We annot use the N
g
and J
q
form of the rigid symmetries, as they
hange the sign of b and I. The hoie of implementing the rigid symmetries N
g
,
J
q
implies that b beomes negative, for whih there is no basis. In that ase the
invariant measure would be
d[(j; y)℄ =
dj
j
dy ; (5:2:28)
that requires j > 0. Of ourse one ould argue that j > 0 beause we have
to exlude negative masses, but this hoie would introdue an external riterion
into the disussion. We will see in a moment that the operator
^
J is not self-adjoint
in the measure (5.2.27).
The measure (5.2.27) an be obtained through dierent onsiderations, i.e.
using as variables the pair fb; p
a
g whose behaviour is simple under both rigid
and gauge transformations. This pair of non-onjugate variables is a basis for a
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representation of the gauge group and therefore b and p
a
are good andidates as
oordinates in the wave funtions. It is straightforward to determine the form of
the invariant measure in this representation. Let
d[(b; p
a
)℄ = G(b; p
a
) dbdp
a
; d[(

b; p
a
)℄ = G(

b; p
a
) d

bdp
a
: (5:2:29)
We have:
d[(

b; p
a
)℄  (1 + + G
;b
Æb+ G
;p
a
Æp
a
) dbdp
a
; (5:2:30)
where
G = lnG ;
(

b; p
a
)
(b; p
a
)
  1   ; (5:2:31)
and
 = 3g +
hp
a
2b
2
: (5:2:32)
The ondition of invariane determines ompletely G:
G =
b
p
2
a
: (5:2:33)
The measure invariant under the ontinuous transformations N
g
, I
f
that leave
H invariant is thus
d[(b; p
a
)℄ =
bdbdp
a
p
2
a
: (5:2:34)
It is immediate to see that it oinides with (5.2.27).
Let us onsider for a moment the set of rigid transformations N
g
and J
q
. In
spite of the simple transformation properties of b; p
a
under them, it is easy to
see by the above method that an invariant measure of the form (5.2.29) annot
be determined. Furthermore, the measure (5.2.28) is invariant under J
q
, N
g
and
H
h
but annot be transformed bak to the anonial variables fb; p
a
g.
So let us go bak to the measure (5.2.34) or (5.2.27). We an dene the
operators
^
H;
^
N;
^
J both in the fb; p
a
g and fx; yg representations. Using the rst
pair of oordinates we have the Hermitian operators
a^ = i p
a

p
a
p
 1
a
; (5.2.35a)
p^
b
=  i b
 1=2

b
b
1=2
: (5.2.35b)
Note that
^
H is rst-order in derivatives, as well as
^
N and
^
J . Using the Weyl
ordering we obtain
^
H =  i
p
a
2b
2
(b
b
+ p
a

p
a
) 
1
2
; (5.2.36a)
^
N =  i (b
b
+ 2p
a

p
a
) ; (5.2.36b)
^
J =  i
p
a
b

b
b
+ 2p
a

p
a
+
1
2

: (5.2.36)
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Let us rst disuss the eigenfuntions of
^
N . The solution of
^
H	 = 0;
^
N	 = 	 ; (5:2:37)
is
	

(b; p
a
) = () b
 i
p
i
a
e
ib
2
=p
a
; (5.2.38a)
or, in terms of x, y
	

(x; y) = () x
 i
e
iy=2
: (5.2.38b)
The eigenfuntions of the mass operator
^
J are solutions of the equations
^
H	 = 0;
^
J	 = j	 ; (5:2:39)
namely,
	
j
(b; p
a
) = (j)
s
b
p
a
e
ib(b j)=p
a
; (5.2.40a)
or, in the fx; yg representation
	
j
(x; y) = (j)
p
x e
i(y=2 jx)
: (5.2.40b)
For sake of ompleteness, let us obtain from the dierential representation (5.2.27)
the form of the operators
^
H,
^
J ,
^
N in the fx; yg representation:
^
H =
^
P
y
=  i
y
 
1
2
; (5.2.41a)
^
J = i
p
x
x
1
p
x
; (5.2.41b)
^
N = i

 lnx
; (5.2.41)
Now in order to progress we have to introdue the gauge xing via the Faddeev-
Popov method (see hapt. 2). We shall prove that there is a lass of viable gauges
for whih there are no Gribov opies and the Faddeev-Popov determinant 
FP
is invariant under gauge transformations. Indeed, let us suppose that the gauge
be enfored by
F (x; y) = 0 ; (5:2:42)
and let F have the form
F (x; y) =  (x; y)
Y
i
 
y   f
i
(x)

; (5:2:43)
where  
 
x; f
i
(x)

6= 0 and f
i
(x) 6= f
j
(x) for any x. Then
Æ(F ) =
X
i
Æ (y   f
i
(x))
 
 
i
(x)

 1
; (5:2:44)
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where
 
i
(x) =  
 
x; f
i
(x)

Y
j 6=i
 
f
i
(x)  f
j
(x)

: (5:2:45)
So, nally,

 1
FP
=
X
i
 
 
i
(x)

 1
: (5:2:46)
Note that sine x is gauge-invariant, so is 
FP
. The gauge-xed invariant mea-
sure is then
Z
dx
x
dy Æ
 
F (x; y)


FP
: (5:2:47)
In our ase the most onvenient gauge (5.2.42) is
F (x; y)  y    =
2b
2
p
a
   = 0 ; (5:2:48)
where  is a parameter. This gauge xing implies obviously 
FP
= 1 and deter-
mines uniquely the gauge. Indeed,
2

b
2
p
a
=  (5:2:49)
denes uniquely h =    2b
2
=p
a
.
Now we may disuss the form of the wave funtions in the gauge (5.2.48).
Denote by lower-ase greek letters the wave funtions in the gauge-xed repre-
sentation and start from the eigenfuntions of
^
N . Choosing () = (2)
 1=2
, the
gauge-xed eigenfuntions of
^
N are
 

(x) =
1
p
2
x
 i
e
i=2
: (5:2:50)
They are of ourse orthonormal in the gauge-xed measure:
( 

2
;  

1
) =
Z
1
0
dx
x
 


2
(x) 

1
(x) = Æ(
1
  
2
) : (5:2:51)
Now onsider the gauge-xed eigenfuntions of
^
J :
 
j
(x) = 
0
(j)
p
x e
 ixj
: (5:2:52)
This makes lear the important point already stressed. It is indeed immediate
to verify that
^
J is not self-adjoint in that spae. We have already remarked that
the situation is similar to the familiar ase of the radial oordinate r in at spae:
its onjugate p^
r
is not an essentially self-adjoint operator on the Hilbert spae of
the Laplae operator, although it is of ourse a well-dened lassial quantity.
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If, as it is suggested by the lassial orrespondene, we identify
^
J with the
mass operator, we must onlude that there is no self-adjoint mass operator in
this redued theory. In other words, with this denition the mass operator is not
an observable.
Let us now investigate the operator
^
J
2
. In order to be a self-adjoint operator,
the eigenfuntions of
^
J
2
with eigenvalues j
2
must meet one of the two onditions:
lim
x!0
 
(1)
j
2
(x)
p
x
= 0 ; (5.2.53a)
or
lim
x!0
"
 
(2)
j
2
(x)
p
x
#
0
= 0 : (5.2.53b)
The two separate sets are given of ourse by (j > 0)
 
(1)
j
2
(x) =
1
p
j
p
x sin jx ; (5.2.54a)
 
(2)
j
2
(x) =
1
p
j
p
x os jx : (5.2.54b)
Either the set (5.2.54a) or the set (5.2.54b) must be hosen. The eigenfuntions
of eah set are orthonormal

 
(k)
j
2
2
;  
(k)
j
2
1

=
Z
1
0
dx
x
 
(k)

j
2
2
(x)  
(k)
j
2
1
(x) = Æ(j
2
2
  j
2
1
) ; k = 1; 2 : (5:2:55)
Thus the operator
^
J
2
is self-adjoint. The eet of the non self-adjoint operator
^
J is to transform the set (1) into the set (2) and vieversa.
5.2.b Redued Method.
Idential results an be obtained by the redued method using the gauge xing
ondition
F  Y    = 0 : (5:2:56)
The gauge xing (5.2.56) orresponds to the area gauge b = onst sine Y = 2bI.
Indeed, we have u = 1. The eetive Hamiltonian on the physial gauge shell is
H
e
=  P
Y
  H = 0 : (5:2:57)
So the wave funtions do not depend on . Diagonalizing
^
N or
^
J using (5.2.41b,)
one obtains the gauge-xed wave funtions (5.2.50) and (5.2.52). As expeted
for Shanmugadhasan variables (see set. [2.3℄) this proves the equivalene of the
Dira-Wheeler-DeWitt and redued anonial quantisation methods for the gauge
xings implemented.
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5.2. Quantisation in Hybrid Variables.
In order to make physially lear the meaning of the wave funtions (5.2.38) and
(5.2.40), let us follow the traditional path of determining the measure by dening
the kineti part of the Hamiltonian as a Laplae-Beltrami operator. We use the
ouple of variables a; b that are the \physial" variables of the system in whih
the metri is written. From (5.2.5) we read the ovariant measure in superspae
d[(a; b)℄ = b da db : (5:2:58)
The representation for p^
a
and p^
b
is
p^
a
=  i
a
; p^
b
=  i(
b
+ 1=2b) : (5:2:59)
In the f; g representation the ovariant measure is  dd and we have
p^

=  i

; p^

=  i(

+ 1=2) : (5:2:60)
Using the ovariant Laplae-Beltrami ordering for the Hamiltonian
15
the Whee-
ler-DeWitt equation reads
[ab
a

b
  (a
a
)
2
+ ab
2
℄	 = 0 ; (5:2:61)
or, in terms of  and :
[ (

)
2
+ 4
2

  
2
℄	 = 0 ; (5:2:62)
where  = a=jaj. The operators
^
J and
^
N are
^
J = 
a

b
+ 2b 
1
2b

a
; (5:2:63)
^
N =  i(b
b
  2a
a
) : (5:2:64)
It is easy to hek that, using a dierent denition of the Lagrange multiplier,
the Wheeler-DeWitt dierential equation (5.2.61) and the dierential expressions
for
^
J and
^
N (5.2.63,64) remain unhanged.
Now let us disuss the diagonalisation of
^
N . We have to disuss separately
the ases a > 0 and a < 0. The solutions are:
	

(a; b) = ()( a)
 i=2
K
i
(2b
p
 a) ; (5.2.65a)
for a < 0, where K
i
is the modied Bessel funtion of order i (Bateman,
1953).
16
For a > 0, we have
	

(a; b) = 
0
() a
 i=2
C
i
 
2b
p
a

; (5.2.65b)
15
In this ase the ovariant ordering oinides with the Weyl ordering.
16
We have hosen this solution beause of its asymptoti behaviour for large argument.
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where C
i
is a generi linear ombination of Hankel funtions. Note that the
general solution for the vauum Kantowski-Sahs Eulidean wormhole (Cavaglia,
1994a)
17
orresponds to the solution of the present Wheeler-DeWitt equation
obtained by diagonalizing the operator
^
N . Analogously to set. [3.4℄, by suitable
superpositions of the kind (3.4.9) one gets wave funtions that are regular also
for b! 0. For the
^
J operator, the solution with eigenvalue j is
	
j
(a; b) =
K(j)
p
jb  jj
e
2i
p
ab(b j)
; (5.2.66a)
in the lassially allowed region (a(b  j) > 0, osillating behaviour), and
	
j
(a; b) =
K(j)
p
jb  jj
e
 2
p
ab(j b)
; (5.2.66b)
in the lassially forbidden region a(b   j) < 0, where we have hosen the de-
reasing exponential behaviour, analogously to (5.2.65a).
Now we may see that these solutions are the Fourier transforms of the solutions
in the fb; p
a
g spae obtained in the Shanmugadhasan representation. The Fourier
transform is dened as
	(a; b) =
Z
1
0
dp
a
p
2
a
	(p
a
; b) p
a
e
iap
a
: (5:2:67)
Introduing in (5.2.67) 	

(p
a
; b) given in (5.2.38a) and using Bateman (1954)
{ Vol. I, p. 313, formula (17), one obtains (5.2.65a); (5.2.65b) is obtained by
elementary analyti ontinuations. Analogously, introduing (5.2.40a) one ob-
tains (5.2.66a) or (5.2.66b). This proves the equivalene of the invariant measure
(5.2.34) and representation (5.2.35) with the ovariant measure (5.2.58) and rep-
resentation (5.2.59).
To onlude the disussion, let us investigate the gauge xing by the redued
method. The disussion parallels that of the relativisti partile of set. [2.4℄, as
(5.2.62) is essentially a Klein-Gordon system in the hybrid f; g representation.
Using the variables  and  and the Hamiltonian (5.2.24), the equations of
motion read
_ = up

; _ =  4up

=
2
_p

= 0 ; _p

=  4up
2

=
3
: (5.2.68)
It is onvenient to hoose the gauge xing anonial identity
F     = 0 ; (5:2:69)
17
See hapt. 3 for the ase with eletromagneti oupling.
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(of ourse with the gauge above  is not the area oordinate). The eetive
Hamiltonian is
H
e
=  p

= N=2 ; (5:2:70)
where p

an be obtained from H = 0:
H
e
= 
1
2
p

2
(p
2

  ) : (5:2:71)
Note that in the lassial motion the argument in the square root never beomes
negative.
18
Let us look at the value of the Lagrange multiplier. From (5.2.69) and the
equations of motion (5.2.68) we have
u =  

2

4p

: (5:2:72)
Now we must impose that u > 0 (see set. [2.2℄), that is p

< 0. This means
that for a > 0 we must hoose the positive sign in (5.2.71), while for a < 0 we
have to hoose the negative sign. Let us use (5.2.60) and the ovariant ordering.
First disuss a < 0. The eigenstate of H
e
with eigenvalue E =  =2;  > 0 is
obtained by solving the equation
[ (

)
2
+ 
2
℄  

() = 
2
 

() : (5:2:73)
The solution is
 

() =
r
2 sinh

2
K
i
() : (5:2:74)
For the ase a > 0 we look for eigenstates of H
e
[ (

)
2
  
2
℄ 

() = 
2


() ; (5:2:75)
with solution ( > 0)


() = i
s
 sinh(=2)
4 osh(=2)
h
e
 =2
H
(1)
i
()  e
=2
H
(2)
i
()
i
: (5:2:76)
The above solutions are orthonormal (Cavaglia, de Alfaro, and Filippov, 1996):
( 

1
;  

2
) =
Z
1
0
d

 


1
()  

2
() = Æ(
1
  
2
) ; (5.2.77a)
18
This is obvious for a<0. For a>0 it an be seen as follows: from (5.2.12,d) we
have the relation p
b
=a=I+I and using the denition of p

in eqs. (5.2.23) it follows that
p
2

=p
2
b
=4a=(a=I+I)
2
=4a1.
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(

1
; 

2
) =
Z
1
0
d




1
() 

2
() = Æ(
1
  
2
) ; (5.2.77b)
and span positive-norm Hilbert spaes.
Now let us solve the Shrodinger equation
i


	
+
(; ; ) = H
e
	
+
(; ; ) (5:2:78)
for the stationary states. We have (remember  > 0)
	
+
(; ; ) = e
i=2
 

() (5.2.79a)
for E < 0; a < 0, and
	
+
(; ; ) = e
 i=2


() (5.2.79b)
for E > 0; a > 0. On the other hand the solutions orresponding to u < 0 are
	
 
(; ; ) = e
 i=2
 

() (5.2.80a)
for E > 0; a < 0, and
	
 
(; ; ) = e
i=2


() (5.2.80b)
for E < 0; a > 0. The solutions (5.2.79-80) are the gauge-xed wave funtions
orrespondent of (5.2.65). Analogously to the Klein-Gordon ase the use of both
positive and negative u is appropriate if one reinterprets the wave funtion as a
quantum operator (seond quantisation of blak holes).
19
For instane,
	
BH
(; ) =
Z
1
0
d
r
2 sinh

2
K
i
() [A
y
()e
 i=2
+ B()e
i=2
℄ (5:2:81)
is the representation of the blak hole quantum eld for a < 0.
5.3 Generalisation to String Theory.
The results of the previous setion an be easily generalised to 1+ 1 dimensional
gravity (Filippov, 1996b) or to the string eetive ase. The presene of the
dilaton salar eld has a very interesting onsequene: the Shwarzshild or Reis-
sner-Nordstrom horizons disappear and are substituted by a naked singularity.
20
19
See for instane set. [4.6℄.
20
Classial solutions obtained here by the anonial formulation are known sine long
time (Buhdal, 1959; Janis et al., 1969; Bekenstein, 1974b); also attention has been
dediated to the oupling of salar to gravity, even in presene of gauge elds (Lavresh-
lashvili and Maison, 1993; Silaev and Turyshev, 1995). While the lassial solutions
have been widely disussed, the quantum theory has not been fully investigated.
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We have two independent geodesially omplete spaetimes: one is a Kantowski-
Sahs-like universe (Kompaneets and Chernov 1964; Kantowski and Sahs, 1966),
the other one is a stati asymptotially at spaetime: a omplete universe with a
naked singularity, orresponding in the limit of vanishing dilaton to the external
of a Shwarzshild blak hole.
Let us start from the usual ation for the four-dimensional low-energy string
eetive theory (see set. [3.3℄ and set. [4.4℄) written in the Einstein frame. We
reall it here for ompleteness
S =
Z
d
4
x
p
 g [R  2

'

'  2℄ ; (5:3:1)
where  = 1. We shall onsider both signs of sigma in order to take into aount
ontributions from moduli elds derived from the ompatied manifold (see for
instane hapt. 3).
Using the ansatz (5.2.3) for the line element and orrespondingly ' = '()
for the salar eld, the ation beomes (atually, this is the ation density in ,
integrated over d
)
S =
Z
d 2u
"
_ab
_
b
u
2
+
a
_
b
2
u
2
  
ab
2
_'
2
u
2
+
1
4
 
1  b
2

#
; (5:3:2)
where u is dened as in the previous setion and dots represent dierentiation
with respet to . Again, by a Legendre transformation we obtain the extended
Hamiltonian
H
E
 uH =
u
2b
2

p
a
(bp
b
  ap
a
)  p
2
'
=4a  b
2
 
1  b
2

: (5:3:3)
Let us now develop the anonial formalism and obtain the general solution.
We set for the moment  = 0. We shall see later that the absene of horizon
and the ompleteness of the spaes hold also when  is dierent from zero. We
dene gauge-invariant quantities along the lines of the treatment developed in
the previous setion. Analogously to the Einstein ase, these quantities form
an interesting algebra that will be at the basis of the next disussion of the
quantisation.
The gauge transformations generated by H an be integrated expliitly (Ca-
vaglia and de Alfaro, 1996a). From the gauge equations it follows that p
'
and
N = bp
b
 2ap
a
are gauge-invariant quantities. Then we have to disuss separately
dierent ases, depending on the value of p
'
and N . Let us dene the quantity
~
H = H + 1=2 whih redues to 1/2 on the gauge shell. In the following we shall
also dene  =
R
u()d and onsider without loss of generality  > 0 (see the
previous setion) and
~
H > 0. We now give the general solution of the gauge
equations aording to the dierent ases.
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Case 1: 
 2
= 1 + (p
2
'
=N
2
) (this is ertainly true for  = 1) and a  0 (the
solution orresponds to a stati and isotropi spaetime):
p
a
=
N
a
"
~
H
N
  
1
2

1 +
1


#
;
p
b
=
N
b
"
2
~
H
N
  
1

#
;
b =

2I

1 
N

~
H

(1 )=2
;
a = 2
~
HI
2

1 
N

~
H


;
' =   
p
'

2N
ln

1 
N

~
H

;
(5:3:4)
where we onsider for simpliity  > 0 sine the solution is invariant for  !  
apart from a redenition of  ( !   N=
~
H). I and  are two gauge-invariant
quantities dened as
I =
r
a
2
~
H

bp
b
+N
bp
b
 N

=2
;
 = '+ 
p
'

2N
ln

bp
b
 N
bp
b
+N

:
(5:3:5)
The solution (5.3.4) orresponds to the solutions given in the literature both for
positive and negative  (Buhdal, 1959; Janis et al., 1969; Bekenstein, 1974b).
21
To see it, let us x the oordinate by going on the gauge shell, i.e.
~
H = 1=2,
and hoose u = 1, f = 0. Then  =  and the oordinates ,  an be identied
respetively with a radial and a timelike variable. The solution beomes ( ! r,
 ! t)
ds
2
=  

1 
2N
r


dt
2
+

1 
2N
r

 
dr
2
+ r
2

1 
2N
r

1 
d

2
;
' =   
p
'

2N
ln

1 
2N
r

;
(5:3:6)
21
See also Wyman (1981); Turyshev (1995); Silaev and Turyshev (1995); Bekmann
and Lehtenfeld (1995); Conradi (1995); Lavreshlashvili and Maison (1993).
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where we have hosen I = 1=2 so that t is the proper time for r!1. Sine  > 0,
by inspetion of (5.3.6) we an easily see that for r !1 the line element (5.3.6)
is asymptotially at and the spaetime is dened for r > r
s
, where r
s
= 2N=
for N > 0 and r
s
= 0 for N < 0. In both ases, if  6= 1 r = r
s
is a naked
urvature singularity (see for instane Virbhadra et al., 1995). When  = 1, i.e.
' =onst., for N > 0 (5.3.6) orresponds to the usual Shwarzshild spaetime
with mass N . In this ase r = r
s
is a oordinate singularity, so the spaetime
an be ontinued for r < r
s
= 2N down to r = 0, where there is a urvature
singularity. This piture hanges ompletely when  6= 1 beause in this ase at
r = r
s
the area of the two-sphere is vanishing or singular. Hene, the spaetime
desribed by (5.3.6) when  6= 1 annot be ontinued below r
s
.
Case 2: 
 2
= 1+(p
2
'
=N
2
) and a  0 (this orresponds to a omplete Kantow-
ski-Sahs-like universe):
p
a
=
N
a
"
~
H
N
  
1
2

1 +
1


#
;
p
b
=
N
b
"
2
~
H
N
  
1

#
;
b =

2I

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~
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)=2
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2
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~
H
  1
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' =   
p
'

2N
ln

N

~
H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
;
(5:3:7)
where now
I =
r
 a
2
~
H

N + bp
b
N   bp
b

=2
;
 = '+ 
p
'

2N
ln

N   bp
b
N + bp
b

:
(5:3:8)
Sine a < 0 this is a omplete Kantowski-Sahs-like spaetime,  is a timelike
oordinate and so the metri is time-dependent. With the same hoie of the
Lagrange multiplier, I and
~
H as in the previous ase, and setting  ! t and
5.3 Generalisation to String Theory 135
 !  (0   < 2) in (5.2.3), the solution takes the form
ds
2
=  

2N
t
  1

 
dt
2
+

2N
t
  1


d
2
+ t
2

2N
t
  1

1 
d

2
;
' =   
p
'

2N
ln

2N
t
  1

:
(5:3:9)
Consider for simpliity t > 0 and N > 0. As in the ase 1, when  = 1 the line
element oinides with the Shwarzshild metri. When  6= 1, we have instead
a urvature singularity at t = t
s
 2N=. Hene, for  6= 1 (5.3.9) represents a
(omplete) anisotropi Kantowski-Sahs-like universe that begins in a urvature
singularity at t = 0 and ends at t = t
s
in a urvature singularity after a nite lapse
of time. Conversely, when the salar eld is absent, the metri (5.3.9) redues to
the standard Shwarzshild solution and oinides (with a suitable redenition
of oordinates) with the solution (5.3.6) for  = 1. In partiular, the solution
(5.3.9) redues, for vanishing salar eld, to the internal Shwarzshild region,
and solution (5.3.6) to the external Shwarzshild region. Sine the singularity
in t = t
s
(r = r
s
) is now a oordinate singularity, both metris an be ontinued
aross the horizon and so oinide.
Case 3: 
 2
=  [1 + (p
2
'
=N
2
)℄ (this ase implies  < 0 and does not allow
having a pure Shwarzshild blak hole solution when the dilaton is absent) and
a  0:
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N
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;
(5:3:10)
136 Minisuperspaes in Blak Hole Physis: Quantum Blak Holes
where
I =
r
a
2
~
H
exp

  artg

bp
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
;
 = '+ 
p
'

N
artg

bp
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N

:
(5:3:11)
Let us hoose the Lagrange multiplier as in the previous ases. On the gauge
shell the solution beomes ( ! r,  ! t)
ds
2
=  exp
(
2
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artg
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;
(5:3:12)
where we have hosen I = e
 =2
=2. Analogously to the rst ase the spaetime
desribed by (5.3.12) is stati and asymptotially at in the radial oordinate r.
Further, it is never singular. Indeed, for r ! 0 the line element beomes
ds
2
= e
 

 dt
2
+ e
2

dr
2
+
 
N
2
=
2

d

2
	
; (5:2:13)
and the salar eld assumes its minimum value. The area of the two-sphere at
r = 0 has a nite value dierent from zero. This means that the spaetime has
a throat at r = 0. Note that the existene of the wormhole is made possible by
the negative sign of . Indeed, in this ase the salar eld has negative energy
density. The spaetime (5.3.12) desribes then a stati wormhole (see for instane
Morris and Thorne, 1988).
The gauge-invariant quantities fN , I, p
'
, g play a fundamental role. Their
Poisson algebra is
[N; I℄
P
= I ; [; p
'
℄
P
= 1 : (5:3:14)
(The remaining Poisson brakets are zero.) Thus N and ln I,  and p
'
are
anonially onjugate variables. Let us now introdue the new quantity
Y 
bp
b
  ap
a
~
H
; (5:3:15)
whih has the following Poisson brakets:
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[Y; I℄
P
= [Y;N ℄
P
= [Y; p
'
℄
P
= [Y;℄
P
= 0 ; [Y;H℄
P
= 1 : (5.3.16)
Thus the omplete set of Shanmugadhasan variables are fN , P
N
 ln I, , P


p
'
; Y , P
Y
 Hg. Analogously to set. [5.2℄ invariane under rigid transformations
will be used to determine the form of the quantum measure. Performing the
anonial transformation to the new variables the ation beomes
S =
Z
df
_
NP
N
+
_
P

+
_
Y P
Y
  u(P
Y
  1=2)g : (5:3:17)
The requirement of invariane of the measure under rigid transformations se-
lets the measure d[℄ = dp
N
ddy. (The eigenvalues of P
N
, Y , and  have
been indiated by lower-ase letters.) Given the measure, we have the following
representation of the operators:
^
P

!  i

;
^
P
Y
!  i
y
;
^
N ! i
p
N
;
^
!  ;
^
Y ! y ;
^
P
N
! P
N
: (5:3:18)
The Wheeler-DeWitt equation beomes
( i
y
  1=2)	(p
N
; ; y) = 0 : (5:3:19)
The solutions of eq. (5.3.19) that are eigenfuntions of
^
N and
^
P

with eigenvalues
 and ! are
	
;!
= C(; !) exp[ ip
N
+ i!+ iy=2℄ : (5:3:20)
Now we introdue the gauge xing via the Faddeev-Popov method. Analogously
to the Einstein gravity ase one proves that there is a lass of viable gauges for
whih there are no Gribov opies and the Faddeev-Popov determinant 
FP
is
invariant under gauge transformations (Cavaglia and de Alfaro, 1996a). As usual
when we are dealing with Shanmugadhasan variables the most onvenient gauge
is
F (p
N
; y; )  y    = (bp
b
  ap
a
)=H    = 0 ; (5:3:21)
where  is a parameter. This gauge xing implies obviously 
FP
= 1 and deter-
mines uniquely the gauge. Denoting by lower-ase greek letters the wave funtions
in the gauge-xed representation, and hoosing C() = (2)
 1
, the gauge-xed
eigenfuntions of
^
N and
^
P

are
 
(;!)
=
1
2
exp[ ip
N
+ i!+ i=2℄ (5:3:22)
that are orthonormal. The eigenfuntions (5.3.22) oinide with those found for
the Shwarzshild blak hole in the previous setion apart from the plane wave
in .
Let us now quantise the system by the redued method. Again the gauge
xing ondition is F  Y    = 0. This determines the Lagrange multiplier as
138 Minisuperspaes in Blak Hole Physis: Quantum Blak Holes
u = 1 sine from the denition of Y and the lassial general solution of the
gauge equations it follows Y =  + onstant. Using the onstraint
~
H = 1=2 and
the gauge xing ondition, the eetive Hamiltonian on the gauge shell beomes
H
e
=  P
Y
=  1=2. Thus the Shrodinger equation is

i


+
1
2

 = 0 : (5:3:23)
Diagonalizing
^
N and
^
P

we obtain the wave funtions (5.3.22) whih form a
denite positive Hilbert spae.
In this ontext a primary question onerns the eet of the osmologial
onstant: does it spoil the ompleteness of those spaetimes? We an dedue the
properties of the solution without solving the equations. The method presented
here an also be applied, at least in priniple, to more ompliate ases, for
instane when a simple potential term for the dilaton is present.
Let us onsider the ation (5.3.2) where now  = V (') is a potential term
for the dilaton and redene the Lagrange multiplier as
22
u
0
() = u()f(b; ') ; (5:3:24)
where
f(b; ') = 1  V (')b
2
> 0 : (5:3:25)
Using (5.3.24) the Lagrangian beomes:
L =
f
u
0

2 _ab
_
b+ 2a
_
b
2
  2ab
2
_'
2

+
u
0
2
: (5:3:26)
We easily notie that the equations of motion derived from the Lagrangian
(5.3.26) an be interpreted as the geodesi equations for the minisuperspae
~
M
with metri
d~s
2
= f(b; ')[b dadb+ a db
2
  ab
2
d'
2
℄ : (5:3:27)
In other words, the solutions of the Einstein equations for the spaetime metri
are the geodesis of the minisuperspae. Thus we an dedue the properties of the
solutions of the Einstein equations from the study of the geodesis of (5.3.27). A-
ordingly, we are interested in establishing whih points of the manifold (5.3.27)
are singular. Indeed, no geodesis an ross a singular point of (5.3.27) and so
this point will be an end point of all the solutions of the Einstein equations. Note
that the Einstein solutions an be singular also for regular points of
~
M , sine
(5.3.27) is written in a given oordinate system that an be pathologial at some
point, as we shall see in a next example. Hene, this method does not give in
general all the urvature singularities of the spaetime manifold.
22
See set. [2.2℄.
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Let us apply these onsiderations and disuss some ases.
 Vauum ase (Shwarzshild blak hole, see previous setion).
In this ase the manifold
~
M is two-dimensional, the metri reduing to the form
d~s
2
= b dadb+ a db
2
: (5:3:28)
From (5.3.28) it is straightforward to ompute the urvature tensor. We nd
R
abab
= 0 ; (5:3:29)
i.e. the manifold is at. Indeed with the hange of oordinates
x =
b(a+ 1)
2
; y =
b(a  1)
2
; (5:3:30)
the line element (5.3.28) redues to the form d~s
2
= dx
2
  dy
2
. The geodesis are
straight lines
x+ k
1
y = k
2
: (5:3:31)
However, we know that the solution of the Einstein equations is singular at b =
0.
23
It is easy to see that the singularity at b = 0 is a oordinate singularity
in minisuperspae. Indeed, from (5.3.30) one sees that the transformation of
oordinates is pathologial at b = 0 sine the points (a; 0), 8a, are mapped in the
origin of the x; y plane.
 Reissner-Nordstrom and osmologial onstant ases.
For the Reissner-Nordstrom solution the metri in the minisuperspae is (Cava-
glia, de Alfaro, and Filippov, 1996d)
d~s = b dadb+ a db
2
+ b
2
dA
2
=4 ; (5:3:32)
where A is the potential vetor of the eletri radial eld F = dA. Analogously
to the previous ase, the urvature tensor is vanishing and the minisuperspae is
at. Singularity at b = 0 is due to the oordinate hart.
An idential result is obtained in the presene of a negative osmologial
onstant. The metri of the minisuperspae is indeed
d~s = (1  b
2
)[b dadb+ a db
2
℄ ; (5:3:33)
and the spae is at, as it an be veried using the transformation of oordinates
x =
b
2
(a+ 1  b
2
=3) ; y =
b
2
(a  1 + b
2
=3) : (5:3:34)
23
See eq. (5.2.12).
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Again the singularity at b = 0 is due to the hoie of oordinates.
 Dilaton ase.
In this ase, using the metri (5.3.27) with f = 1 it is straightforward to nd the
Kretshmann and Rii salars. We have:
R

R

=
4
a
2
b
4
; R =  
2
ab
2
: (5:3:35)
In this ase we an dedue that the geometrial setions a = 0 and b = 0 of
the minisuperspae metri are singular and onsequently all geodesis must end
there. Hene, the solutions of the Einstein equations for the spaetime metri are
singular for a = 0 and b = 0.
24
Sine a = 0 annot be rossed, the above onsid-
erations prove that there is no horizon and the spaetimes dened by a > 0 or
a < 0 are omplete. Note that there ould be other singular points orresponding
to oordinate singularities in minisuperspae (we know from the expliit solutions
that this is not the ase).
 Dilaton (modulus) plus negative osmologial onstant.
Again we have f = 1  b
2
and the Kretshmann salar is
R

R

= 4
e
 2
a
2
b
4
 
1 + 8
2
b
4
e
 2

; (5:3:36)
where  = ln f . From (5.3.36) it is easy to see that there does not exist any
geodesi suh that the Kretshmann salar is nite for a = 0. This proves that
there is no horizon.
 General ase.
We ompute the minisuperspae salars:
R

R

=
e
 2
a
2
b
4
g(b; ') ; (5.3.37a)
R =
e
 
ab
2
h(b; ') ; (5.3.37b)
where
 = ln

1  V (')b
2

; (5.3.38a)
g = 4 +

4
;'
4
  4b
2

;bb
+ 4b
;b
  4
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+ 4b
2

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  4b
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+ 2
2
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  2
2
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  2b
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
2
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; (5.3.38b)
h =  2  2b
;b
+ 2
;''
+ 

2
;'
2
: (5.3.38)
24
See eqs. (5.3.4) and following.
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Sine V (') has not been restrited, it may be possible in priniple to nd po-
tentials suh that g = 0 and h = 0 for a = 0 on at least one geodesi in minisu-
perspae. If this happens, the traveller falling along that geodesi does not see
any singularity at a = 0. Hene, a = 0 is not a priori a singular point of the
minisuperspae manifold and an be rossed (one should not forget that a = 0
or b = 0 or both ould be oordinate singularities in minisuperspae with the
onsequene of being urvature singularities in the spaetime, as it happens for
b = 0 in the Shwarzshild solution). This implies that for suitable potentials
there may be blak hole solutions in spaetime (see for instane Bekmann and
Lehtenfeld, 1995).
5.4 Answers or More Doubts?.
What have been the main results for the model investigated in this hapter? We
have expressed the Einstein equations for the Shwarzshild blak hole as a anon-
ial system in a nite, 2  2 dimensional, phase spae and integrated the gauge
transformations. This has been possible thanks to a simple algebrai struture
of three gauge-invariant anonial quantities that form an aÆne algebra. The
anonial quantity orresponding to the Shwarzshild mass has been identied.
Then we have quantised the system along the lines of hapt. 2. The algebra al-
lows to determine the measure invariant for rigid and gauge transformations in
the inner produt and the gauge xing with the onsequent establishment of a
positive-denite Hilbert spae. The gauge has been xed by the Faddeev-Popov
proedure and the existene of a lass of gauges has been proved. We also started
by rst xing the gauge in the lassial frame by a suitable anonial gauge xing
identity that ontains the oordinate ; the results oinide with those obtained
by the Dira method.
The proedure allowed to solve for this model all oneptual problems related
to the quantisation of a gravitational system; the identiation of the parameter
 (our internal time) through a gauge xing ondition that denes  in terms of
the anonial variables leads to a unitary Hamiltonian in the redued anonial
spae. Thus the quantisation of the system is non-ambiguous. Of ourse many
problems remain unsolved.
We have disussed the eigenfuntions of the mass operator and the generator
of dilatations. Using the general form of the eigenfuntions of the mass operator
we have shown that they are osillating in the lassially allowed regions and
exponentially dereasing in the forbidden regions. Hene, in this approah the
mass plays the role of a quantum number determining wave funtions; in this
respet the result is in agreement with that obtained by Kuhar (1994). How-
ever, having a positive-denite Hilbert spae, we are able to prove that, due to
the support properties of its onjugate variable, the Hermitian operator orre-
sponding to the Shwarzshild mass in the gauge-xed, positive-norm, Hilbert
spae is not self-adjoint, while its square is a self-adjoint operator with positive
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eigenvalues, analogously to what happens for the radial momentum in ordinary
quantum mehanis.
Of ourse in the lassial theory the mass is perfetly dened. Again take the
example of the radial momentum: although it is not a self-adjoint operator in the
Hilbert spae, a lassial radial momentum is dened, namely p
r
= m _r, and its
square is self-adjoint. This dierene between lassial and quantum behaviour
is due to the fat that a lassial anonial quantity is a purely loal entity while
the denition of a self-adjoint operator onveys a general information about the
Hilbert spae. This possibly signals that the identiation of J with the mass
arried at the lassial level is not the orret one in the quantum formulation.
Alternatively, this may have something to do with the fat that in lassial physis
only positive masses are present. To look into this question in the present frame
one has to onstrut a proedure of lassial limit that yields the Shwarzshild
metri and investigate the role of eigenfuntions of
^
J
2
.
No quantisation of the mass appears from this theory. It is interesting to
stress though that in the frame developed here quantisation of the mass squared
ould be ahieved in a gauge-invariant way by a modiation of the theory. For
instane a very rude way is just to set the support ondition x < x
0
. This is a
gauge-invariant ut-o that leads to quantisation of the eigenvalues of
^
J
2
. Now,
this ut-o is performed in the gauge y = 1, that is 2bx = 1. Thus a modiation
of the theory for large x orresponds to a gauge-invariant modiation for small
b. It will be interesting to explore the onsequenes of less rude models leading
to quantisation of the mass; this requires a reliable denition of the quantum
mass operator of ourse.
The set of eigenfuntions of the dilatation operator oinides with that of the
Kantowski-Sahs wormholes (Cavaglia, 1994a) for the region inside the horizon.
This is hardly surprising. The geometry inside the horizon of a blak hole o-
inides with the Kantowski-Sahs one, and further the foliation parameter  is
timelike inside the horizon, so what we expose here is, for the part internal to the
horizon, isomorphi to the theory of the Kantowski-Sahs spaetime. This prop-
erty enfores the muh disussed possibility that a blak hole an be onneted
to a Kantowski-Sahs wormhole (see Hawking, 1992, and referenes therein).
Matter degrees of freedom have been introdued in the last setion with the
aim of possibly speify the physial degrees of freedom inaessible for observa-
tion by an external observer, whose traing out ould explain the origin of the
blak hole entropy (see e.g. Barvinsky, Frolov, and Zelnikov, 1995). However, the
presene of the dilaton salar eld has a very dramati onsequene: the Sh-
warzshild or Reissner-Nordstrom horizons disappear and are substituted by a
naked singularity. The dilaton oupling generates two independent geodesially
omplete spaetimes: the rst one is a Kantowski-Sahs-like universe, the seond
one is a stati asymptotially at spaetime: a omplete universe with a naked
singularity, orresponding in the limit of vanishing dilaton to the external of a
Shwarzshild blak hole.
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In onlusion, the main result obtained from the model disussed in this hap-
ter is the establishment of a Hilbert spae for the quantum Shwarzshild blak
hole without any ambiguity. The Hilbert spae so dened an be used as a frame
in whih all possible quantum eets derived from the quantum nature of the
system an be investigated.
6Conlusion
and Possible Developments
In the previous hapters I have investigated several examples of minisuperspae
models in anonial quantum gravity. The aim of my researh projet was to
arry out the study of oneptual problems (prima faie questions, see hapt. 1)
arising in the quantum formulation of nite-dimensional gravitational systems in
whih only a nite number of degrees of freedom of the gravitational and matter
elds is retained.
The basi tehnique was introdued in hapt. 2 and is given by the theory of
quantisation of onstrained systems. We have seen that the quantummehanis of
time reparametrisation invariant systems involves the settlement of ambiguities
and interpretation diÆulties often negleted or not disussed in depth in the
literature, for instane the denition of time or the equivalene between dierent
gauges and/or dierent approahes to quantisation.
The nal target of my projet was to apply those tehniques to the study of
quantum osmologial models and in general of quantum gravitational systems,
for instane quantum blak holes and wormholes. I have already stressed that
these models are rude approximations from the point of view of the ultimate
theory of the gravitational eld. However, the quantum formulation of blak
holes and the quantum formulation of the post big-bang era of the universe may
provide important interesting grounds for the researh in quantum gravity.
Attention has been foused essentially on three quantum gravity systems:
wormholes, quantum osmologial models, and quantum blak holes. Let us
summarise in detail what we have learned and what ould be the possible devel-
opments.
a) Wormholes.
We have seen in set. [3.1℄ that wormholes are typial quantum eets of gravity.
The wormhole models investigated in hapt. 3 an be used to shed light on the
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nature of the eletri harge and on possible relations among quantum phenomena
expeted to arise at the Plank energy sale. Further investigations may proeed
along this diretion. Reently a large amount of time has been devoted to the
investigation of multidimensional wormhole models, also in the framework of the
Kaluza-Klein theory (Dzhunushaliev, 1996). Indeed, it has been proposed that
the generation of the eletri harge at Plank sales involves ompatiation of
extra dimensions (Dzhunushaliev, 1996).
Another line of researh is based on the possibility that wormholes may de-
sribe a tunnelling between osillating and expanding universes. This is relevant
to the quantum osmology programme. Possibly there may be models in multidi-
mensional gravity in whih an instanton generates a tunnelling between a ompat
D-dimensional spaetime and a spaetime with three exponentially expanding
spatial dimensions, as it happens in four dimensions for the instanton investi-
gated in set. [3.2℄ (Dzhunushaliev, private ommuniation). The simplest model
to be onsidered in order to investigate this possibility is the ve-dimensional
Kaluza-Klein's theory (Dzhunushaliev, work in progress).
b) Quantum Cosmologial Models.
We have seen how oneptual problems related to quantum models of the early
universe an be suessfully solved when the tehniques used for the quantisation
of gauge systems are appropriately applied to osmology. Both at the lassial
and quantum levels the problem of the denition of an evolution parameter for the
system (the so-alled problem of time) an be suessfully disussed within the
theory of onstrained systems. In the quantum piture the denition of an evo-
lution parameter is an indispensable step in the diretion of possible detetable
quantum eets of the gravitational eld. Indeed, a sensible disussion about
the quantum origin of strutures in the early universe (see Halliwell and Hawk-
ing, 1984) an be ompleted only if all ambiguities (absene of time, absene of
onserved urrent, hoie of boundary onditions, interpretation of the Wheeler-
DeWitt equation, normalisation of wave funtions, and so on) are solved, namely
if the Hilbert spae of wave funtions has been dened.
Along this line of researh the next step is the disussion of perturbations,
i.e. the investigation of models in whih g

depends on two or more param-
eters (midisuperspae models). The quantum evolution of perturbations an
be suessfully investigated using the quantum osmologial models of hapt. 4
plus perturbative terms. Sine these models are endowed with a Hilbert spae
struture, the perturbative tehniques of quantum mehanis an be applied and
quantitative results obtained.
Similar onlusions an be drawn for models derived from string theory (set.
[4.4,5℄). We have seen that string osmology may provide a possible alternative
to the standard osmologial problem and solve the initial singularity problem
beause of the target-spae duality of the theory. The transition from the pre-big
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bang phase to the post-big bang phase is lassially forbidden (no-go theorems)
but an be allowed quantum mehanially. This property opens interesting pos-
sibilities to understand the birth of the universe. However, the formulation of
a oherent quantum desription of the model is prior to the searh for possible
observable traes of the pre-big bang era. The hoie of a orret time parameter
and a suitable gauge xing, the denition of the Hilbert spae, the interpretation
of wave funtions, et. are unavoidable steps towards the ompletion of this pro-
gramme. Using the tehniques developed in hapt. 4, one an investigate models
with a non-vanishing potential term for the dilaton (Gasperini and Veneziano,
work in progress) both from theoretial and numerial points of view (Veneziano,
private ommuniation). The inlusion of a potential term may enhane the
probability of tunnelling from the pre big-bang regime to the post big-bang one.
Finally, it is interesting to implement the approah to the problem of time
developed in hapt. 4 in the frame of supersymmetri quantum osmology (see
Moniz, 1995; Cheng and Moniz, 1996) and for the Ashetkar formalism (Morales-
Teotl, private ommuniation). This programme has not yet fully investigated
in the literature.
) Quantum Blak Holes.
I have mentioned in hapt. 5 that the formulation of a onsistent quantum de-
sription of spherially symmetri blak holes is an unavoidable step towards the
understanding of the origin of the entropy and the Hawking eet. So my aim
has been the analysis of quantum models of blak holes, either in vauum or in
presene of the dilaton.
As in the ase of osmologial models, a deep investigation of the gauge xing
is required to obtain a onsistent formulation of the system. We have seen that a
suitable hoie of the gauge xing leads naturally to the denition of the Hilbert
spae of states. This is the starting point for future developments. For instane,
the wave funtions of the blak hole obtained in hapt. 5 an be used to disuss
the origin and the meaning of the thermal Hawking radiation (see hapt. 1) and
the onnetion of blak holes with wormholes (see hapt. 5). In the ase of the
vauum Shwarzshild blak hole the mass eigenstates are linear superpositions
of wormhole eigenstates. This property enfores the muh disussed idea that a
blak hole an be onneted to a wormhole and opens an intriguing possibility for
the understanding of the information loss paradox. It would be worth exploring
this weird and fasinating possibility. Another important issue to be investigated
is the quantisation of the mass. No quantisation of the mass appears from the
theory; in the vauum ase the quantisation of the mass may be ahieved in a
gauge-invariant way by a modiation of the theory (ut-o) for small sales. It
ould be interesting to explore the onsequenes of models leading to quantisation
of the mass.
The model of quantum blak holes investigated in hapt. 5 an be straight-
forward extended to supergravity (Cavaglia and Moniz, work in progress) or to
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the inlusion of perturbations. Finally, a possible straightforward appliation of
our approah to the quantum blak hole is the investigation of the Hilbert spae
of states for the extreme and non-extreme Reissner-Nordstrom metris (Cavaglia
and Liberati, work in progress). It is well-known that extreme blak holes may
violate the laws of blak hole thermodynamis sine their entropy seems to be
zero, while the area of the horizon does not vanish. The investigation of the
dierenes between quantum states of extreme and non-extreme harged blak
holes ould be of relevane in order to solve this problem.
In onlusion, the ontent of this thesis an be onsidered at two omplemen-
tary levels: either as a olletion of models useful to desribe partiular quantum
gravity eets in a suitable approximation, or as a set of spei examples of the
orret tehniques to be used to desribe reparametrisation invariant onstrained
systems with a nite number of degrees of freedom.
Appendix
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Metri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